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Abstract
Human dynamics and sociophysics suggest statisticalmodels thatmay explain and provide uswith
better insight into social phenomena.Here we propose a generativemodel based on a stochastic
differential equation that allows us to analyse the polls leading up to theUK2016 EU referendum.
After a preliminary analysis of the time series of poll results, we provide empirical evidence that the
beta distribution, which is a natural choicewhenmodelling proportions, fits themarginal distribution
of this time series.We also provide evidence of the predictive power of the proposedmodel.

1. Introduction

Recent interest in complex social systems, such as social networks, theworld-wide-web,messaging networks
andmobile phone networks (Barabási 2016), has led researchers to investigate the processes that could explain
the dynamics of human behaviourwithin these networks. Human dynamics is not limited to the study of
behaviour in communication networks, and has a broader remit similar to the aims of sociophysics (Galam 2008,
Sen andChakrabarti 2014) (also known as social physics), which uses concepts andmethods from statistical
physics to investigate social phenomena, opinion formation and political behaviour. A central idea here is that,
in the context of statistical physics, individual humans can be thought of as ‘social atoms’, each exhibiting simple
individual behaviour and possessing very limited intelligence, but nevertheless collectively yielding complex
social patterns (Bentley andOrmerod 2011).

Social physics has a long history going back to the polymathQuetelet in the 19th century, who applied
statistical laws to the study of human characteristics; for example, in deriving the bodymass index, he discovered
that bodyweight is approximately proportional to the square of the body height (Eknoyan 2008). The
foundations of 20th century social physics can be attributed to Stewart (Stewart 1950), whose researchwas
linked to applying gravitational potential theory to the geographic distribution of populations.

Polls impart important information to the public in the lead-up to an election or a referendum, and provide
an important ingredient of forecastingmethods.However, assessing their accuracy is ofmajor concern due to
various sources of variability (Converse andTraugott 1986). Sampling error can typically be quantified by
providing confidence intervals (Franklin 2007), although it is not the only source of error. Polls in a given
election cycle can be naturally viewed as a time series, and thus be expected to follow a stochastic process, such as
anAR(1)model (Chatfield 1996). In (Wlezien and Erikson 2002) the authors concluded that such a time series
model is often not feasible for two reasons. First, the presence of sampling errormakes it difficult to obtain
reliable parameters for the time seriesmodel, and, second, there is generally a lack of sufficient time series data
for a given election to enable us to build a robustmodel. However, in (Wlezien et al 2017) it wasmentioned that,
given a sufficient number of poll results, these could be readily treated as a statistical time series. In the case of the
UKEU referendum, also known as the ‘Brexit’ referendum,we have a collection of 168 polls, conducted
regularly by different pollsters over a period of 10months leading up to the referendum.We believe that this
justifies a fresh look at the time series approach, as presented here, which goes beyond themodel suggested in
(Wlezien and Erikson 2002).We note that in (Wlezien and Erikson 2002,Wlezien et al 2017) a novelmethodwas
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presented to analyse amultitude of polls over the election cycle, across several different elections. One result of
this analysis showed convincingly, as onemight expect, that polls are generallymore accurate the closer they are
to the actual election.

Wenote that a time seriesmodel, which captures statistical patterns, is intended to help us gain a better
understanding of the data, as we do not have full knowledge of the variables that affect voters’ choices. Thus it is
meant to complement rather than replacemultivariate analysis (Hair et al 2014), such as the aggregate-level
analysis carried out in (Goodwin andHeath 2016) in order to investigate the socio-demographic predictors of
the referendumvote.

Another rich source of data nowadays comes from socialmedia such as Twitter data, which is indeed
plentiful.Making use of sentiment analysis technology (Liu 2015), it was demonstrated in (O’Connor et al 2010)
that sentiment correlates highly with polling data. In (Anuta et al 2017), it was found that opinions based on
Twitter weremore biased than those gleaned from the polls, when comparedwith the actual outcome.However,
if the biases in social data can be detected, it is possible that the accuracy of election predictions could be
improved (Bohannon 2017).

In the context of human dynamics, we have been particularly interested in formulating generativemodels in
the formof stochastic processes bywhich complex systems evolve and give rise to power laws or other
distributions (Fenner et al 2015). This type of research builds on the early work of Simon (Simon 1955), and the
more recent work of Barabási’s group (Albert and Barabási 2002) and other researchers. In recent work (Fenner
et al 2017, 2018), we have employed amultiplicativemodel that is designed to capture the essential dynamics of
survival analysis applications (KleinbaumandKlein 2012). The resulting rank-ordering distribution (Sornette
et al 1996), the beta-like distribution (cf (Martínez-Mekler et al 2009)), is a discrete analogue of the beta
distribution (Gupta andNadarajah 2004). An additiveWeibull distributionwas deployed in (Fenner et al 2018) to
model constituency-based general election results, while in (Fenner et al 2017) a beta-like distributionwas
utilised tomodel the regional results in theUK2016 EU referendum.

Generativemodels, arising from agent-basedmodelling (Conte and Paolucci 2014), have played an important
role in the sociophysics literature in the context of opinion dynamics (Castellano et al 2009, Sir̂bu et al 2017). In
particular, the votermodel and its extensions (Castellano et al 2009, Sir̂bu et al 2017) have applications in
explaining and understanding voting behaviour during elections. A votermodel can be described, in its simplest
form, as a stochastic process, whereby at each time step an agent decides whether to hold onto or change its
opinion, depending on the opinions of its neighbours. An agent-based herdingmodel of voting behaviour,
recently presented in (Kononovicius 2017), thatmodels the share of votes across polling stations was shown to
follow a beta distribution, in a similar way to themodel we present here.

Here we direct our attention tomodelling the polls leading up to theUK2016 EU referendum as a time
series, asmentioned earlier. In particular, wemake use of stochastic differential equations (SDEs)
(Mackevicius 2011, Evans 2013), amodel widely used in physics andmathematical finance, which can be viewed
as a continuous approximation to a discrete processmodelling how the polls vary over time. Such a discrete
model, using difference equations, has been extensively studied in the context of obtaining numerical solutions
to SDEs (Iacus 2008, Sauer 2013). Herewe are interested in ‘mean reverting’ SDEs (Hirsa andNeftci 2014) for
which the time series they describe have stationary solutions withwell-knowndistributions that depend on the
formof the underlying SDE (Cobb 1981, Bibby et al 2005). In particular, we found that the beta distribution
(Gupta andNadarajah 2004) is a good fit to themarginal distribution of the polls time series. This distribution is
well-suited to our application for the following reasons: first, the beta distribution is aflexible distribution
designed to deal with proportions due to its bounded support (cf (Guolo andVarin 2014)) and, second, it is the
conjugate prior of the binomial distribution and thereby allows us to adjust our beliefs about the true
proportions by taking into account the latest opinion poll results.

Themain contribution of the paper is to demonstrate empirically that a time seriesmodel based on SDEs,
with amarginal beta distribution, is suitable formodelling howpoll results change over time.Moreover, since
models using SDEs can also be used for prediction (Juhl et al 2016), we also consider the predictive power of our
model.

The rest of the paper is organised as follows. In section 2we provide a preliminary analysis of the referendum
poll results using the normal confidence intervalmethodology. In section 3we propose a randomwalkmodel
for analysing the polling data based on a ‘mean reverting’ stochastic differential equation. In section 4we apply
themodel to the polls leading up to theUK2016 EU referendum. Finally, in section 5we give our concluding
remarks.
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2. Preliminary analysis of the time series of poll results

The analysis was done on the results of 168 opinion polls, whichwere conducted prior to the referendum that
took place on 23rd June 2016.Out of the 168 polls, 155 of them also recorded howmany people were undecided
at the time. The data set was obtained online from (WhatUK thinks: EU 2016), thefirst poll being taken on 1st
September 2015 and the last one taken the day before the referendum. Themean, standard deviation (Std) and
coefficient of variation (CV, defined as Std/Mean) for the polls is shown in table 1; it can be seen that, according
to the polls, the Remain campaignwas leading, on average, by approximately 3%during the polling period. In
addition, it can be seen that the CV, approximately 11% for Remain and 10% for Leave, is rather high, indicating
that, according to the polls, the referendum result was far from certain. It is clear that the standard deviation for
Undecided is high relative to itsmean, giving rise to the very highCV,which is indicative of the volatility of the
Undecided vote.

As a preliminary step, we test the statistical significance of the difference betweenRemain and Leave for each
of the polls, using a 95%confidence interval for the difference between two proportions from the same
population (Seber 2013, equation 3.4) (see also (Scott and Seber 1983) and (Franklin 2007)), given by

p p
p p p p

n
1.96 , 11 2

1 2 1 2
2

- 
+ - -ˆ ˆ

ˆ ˆ ( ˆ ˆ )
( )

where p1
ˆ is the Remain proportion, p2

ˆ is the Leave proportion, and n is the sample size.
Overall, in 70 out of the 168 polls, i.e. 41.67%, the difference betweenRemain and Leavewas significant.

Furthermore, in 56 out of those 70 polls, i.e. 80%of the statistically significant polls, the proportion for Remain
was larger than the proportion for Leave. Interestingly, when looking at all of the 168 polls, in 99 of these the
proportion for Remainwas larger than that for Leave, which is only 58.93% compared to the 80% for Remain in
the significant polls. In the actual referendum33,551,983 people voted, whichwas amassive turnout of 72.2%of
the electorate. Out of these, 48.11% votedRemain and 51.89%voted Leave, which is a statistically significant
result according to the test.Moreover, the difference between Leave andRemainwas 3.78%, and the 95%
confidence interval for the difference, i.e., [3.75%, 3.81%], is very narrow.

Wenext divided the 168 polls into two equal groups, where the first 84 took place fromSeptember 2015 until
the 22ndMarch 2016, and the second 84 took place from the 23rd ofMarch 2016 until the day before the
referendum. It transpired that for 41 out of the first group of polls, i.e. 48.81%, the difference between the
Remain and Leave proportions was statistically significant, while for the second group it was significant for only
29 polls, i.e. 34.52%.Out of the 41 significant polls in thefirst group, Remainwas leading in 36 polls, i.e. 87.80%,
while, out of the 29 significant polls in the second group, Remainwas leading in 19 polls, i.e. 65.52%.However,
considering the overall poll results, whether significant or not, Remainwas leading in 57 polls in thefirst group ,
i.e. 67.86%,whereas Remainwas leading in only 42 polls in the second group, i.e. 50%. This indicates that,
although, according to the polls, the gap betweenRemain and Leavewas closing as the referendum approached,
it was nevertheless quite likely that Remainwouldwin the final vote.

We also testedwhether the proportion of undecided voters during the polling periodwas significantly
different from zero, using the 95% confidence interval for a single proportion (Seber 2013, equation 2.4), known
asWald’s confidence interval, given by

p
p p

n
1.96

1
, 2

-ˆ ˆ ( ˆ ) ( )

where p̂ is theUndecided proportion and n is the sample size.
In all of the 155 polls that recorded undecided voters, the proportion of undecided voters was significant. On

average 14.97%of voters in these 155 polls indicated that their votewas undecided, and this vote could have
potentially swayed these polls in either direction.

We then computed themean absolute errors and the rootmean square errors (Chai andDraxler 2014) for
Remain and Leave compared to the final results. Themean absolute error (MAE) is given by

Table 1.Mean and standard deviation for the polls.

Response Mean Std CV

Remain 44.45% 4.99% 11.23%

Leave 41.63% 4.13% 9.92%

Undecided 14.97% 5.42% 36.20%
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where pi is the Remain or Leave proportion in the ith poll, f is the Remain or Leave proportion of votes in the
actual referendum, and n is the number of polls. The rootmean square error (RMSE) is given by
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The results are shown in table 2, where it can be seen that the errors for Leave are approximately twice as large
as those for Remain. This is not surprising given thefinal, somewhat unexpected, result.

When analysing the data, it is also interesting to inspect themoving average (Chatfield 1996) of the polls, as
shown infigure 1, in order to see any trend. In this case it is clear that, as the referendumdate approached, the
Leave votewas gaining traction and the proportion ofUndecided votes was decreasing.

3. A randomwalkmodel for generating time serieswith application to poll results

Stochastic differential equations (SDEs) (Mackevicius 2011, Evans 2013) can provide effective generativemodels
for time series. In particular, when the SDEs are ‘mean reverting’ (Hirsa andNeftci 2014), as is the case here, they
often possess stationary solutions that fit various known distributions (Cobb 1981, Bibby et al 2005). In our
application, analysing poll results, the beta distribution (Gupta andNadarajah 2004) is a natural choice, since it
isflexible, designed tomodel proportions due to its bounded support (Kotz and vanDorp 2004), and is the
conjugate prior of the binomial distribution.We also considered the gammadistribution (Johnson et al 1994),
which is a reasonable choice given its relationship to the beta distribution (Leemis andMcQueston 2008).
However, it only leads to an approximation of the bounded domain and,moreover, it is non-trivial to constrain
it to a bounded domain. Generating beta distributionmodels using SDEs has applications in other domains,
notably infinance (Taufer 2007).

A typical stochastic differential equation (SDE) takes the form

X X t X Wd d d , 5t t t tm s= +( ) ( ) ( )

whereXt is a random variable with t�0 a real number denoting time,μ(Xt) andσ(Xt) are known as the drift and
diffusion functions, respectively, andWt is aWiener process (also known as Brownianmotion).Moreover, when

X m X , 6t tm q= -( ) ( ) ( )

where θ, the rate parameter, is a positive constant andm is a constant representing themean of the underlying
stochastic diffusion process, the SDEhas a stationary solution (Cobb 1981). In addition, its autocorrelation

Table 2.MAE andRMSE for the polls.

Response MAE RMSE

Remain 5.37% 6.11%

Leave 10.40% 11.16%

Figure 1.Moving averagewith a centred slidingwindow of 25 time steps for the Remain and Leave (left), andUndecided (right) poll
results.
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function is exponentially decreasing (Bibby et al 2005) and takes the form

texp . 7q-( ) ( )

It was shown in (Cobb 1981, Bibby et al 2005) that, if

m 8
a

a b
=

+
( )

and

X X X
2

1 , 9t t t
2s

q
a b

=
+

-( ) ( ) ( )

then themarginal distribution of the stationary solution of the SDE is a beta distribution (Gupta and
Nadarajah 2004)with probability density function

x x1 , 101 1a b
a b

G +
G G

-a b- -( )
( ) ( )

( ) ( )

whereΓ is the gamma function (Abramowitz and Stegun 1972, 6.1).
Substituting (6) and (9) into (5), we obtain the SDE for a diffusion process with amarginal beta distribution

in the form

X X t X X Wd d
2

1 d . 11t t t t tq
a

a b
q

a b
=

+
- +

+
-

⎛
⎝⎜

⎞
⎠⎟ ( ) ( )

Wenote that several other forms form andσ2(Xt) also lead towell-knowndistributions (Cobb 1981, Bibby
et al 2005). Althoughwemaintain that the SDEmodel we adopt is a natural one in our context, we note that a
differentmodel based onMarkov chains, which also has a beta distribution as its stationary solution, has been
presented in (Pacheco-Gonzalez and Stoyanov 2008). In thisMarkov chainmodel, at any given time step, the
movement in the time seriesmay be up or downwith a certain probability. Then the new position, in the interval
between zero and one is determined according to some density function. Although promising, the results in
(Pacheco-Gonzalez and Stoyanov 2008) are not as general as those of the SDEmodel, and depend onmaking a
choice of parameters that would be difficult to determine from the data.

In reality, the continuous SDEmodel is an approximation of a discrete process described by a stochastic
difference equation, where xi is the discrete analogue of the randomvariable Xti

at discrete time ti. Setting
x0=X0, the dynamics of the discrete process can be described by the difference equation

x x t x x W
2

1 , 12i i i i i i1 1 1q
a

a b
q

a b
D =

+
- D +

+
- D+ + +

⎛
⎝⎜

⎞
⎠⎟ ( ) ( )

corresponding to (11), where

x x x , 13i i i1 1D = -+ + ( )

t t t , 14i i i1 1D = -+ + ( )

and

W z t , 15i i i1 1 1D = D+ + + ( )

where zi+1 is a normally distributed randomvariable withmean 0 and variance 1.
Using (12) to obtain a computational solution of (5) is known as the Euler-Maruyamamethod (Sauer 2013),

which is a generalmethod for obtaining approximate numerical solutions to SDEs.We note that thismethod
and various refinements of it are especially useful when analytic solutions do not exist (Iacus 2008).

In ourmodel of the polls, we assume that the ith poll is conducted at time ti, where ti=i. Thus, in this case,
Δ ti+1 in (14) and (15) is taken to be 1. The proportion of the poll respondents voting for a given outcome, for
example Remain, is represented by xi, where 0�xi�1.

4. Analysis of the Brexit polls considered as a randomwalk

To evaluate themodel, we followed a similar approach to that taken in (Taufer 2007).Wefirstfit a beta
distribution to themarginal distribution of the time series induced by the poll results using themaximum
likelihoodmethod to obtain estimates forα andβ.We then used the Jensen-Shannon divergence, defined
below, tomeasure the goodness offit. Lastly, wefit the autocorrelation function of the time series using least
squares nonlinear regression to obtain an estimate for θ. All computations were carried out using theMatlab
software package.
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The Jensen-Shannon divergence (JSD) (Endres and Schindelin 2003) is a nonparametricmeasure of the
distance between two distributionsp=(pi) andq=(qi), where i=1, 2,K, n. The formal definition of the JSD,
which is a symmetric version of theKullback-Leibler divergence and is based on Shannon’s entropy (Cover and
Thomas 1991), is given by

JSD p
p

p q
q

q

p q
p q,

1

2 ln 2
ln

2
ln

2
, 16

i

n

i
i

i i
i

i

i i1
å=

+
+

+=

⎛
⎝⎜

⎞
⎠⎟( ) ( )

wherewe use the convention that if pi=0 or qi=0, or both, 0 ln 0 and 0 ln 0 0( ) are both defined to be 0. (The
factor 2 ln 2 is included to normalise the JSD to be between 0 and 1.)Weobserve that the JSD is equal to 0
when p=q.

In table 3we show the parameters of the beta distribution fitted by themaximum likelihoodmethod, and the
JSDbetween the empirical distribution of the time series of the poll results and the fitted beta distribution. The
low JSD values indicate goodfits for all three responses. Infigure 2we show a visual representation, here using
cumulative distributions to highlight the similarities between the empirical andfitted distributions.We note that
the fact that the value of the JSD for Leave is somewhat higher is also noticeable from figure 2.

In order to compute the rate parameters θ of the sample autocorrelation function for the three responses, we
first smoothed the autocorrelation using amoving average filter with a centred slidingwindow of 5 lags.We then
fitted (7) to the smoothed values. The values obtained for θ are shown in table 4, togetherwith the coefficient of
determinationR2 (Motulsky 1995), the very high values of which indicate goodfits. (Wenote that usingR2 as a
goodness-of-fitmeasure for nonlinear least squares regression is somewhat controversial, although it has a
natural interpretation as the comparison of a givenmodel to the nullmodel (Anderson-Sprecher 1994).)

Table 3.Maximum likelihood fitting of the beta
distribution to the referendumpolls.

Response α β JSD

Remain 59.6781 83.6604 0.0404

Leave 44.3278 55.3813 0.0582

Undecided 5.8364 33.1904 0.0444

Figure 2.Visual presentation of the cumulative fitted beta distributions.

Table 4.Exponential decay
autocorrelation parameter of the
referendumpolls.

Response θ R2

Remain 0.9462 0.9716

Leave 0.7902 0.9393

Undecided 0.9963 0.9731
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As a demonstration of the predictive power of themodel, for each value of i, we computed the 95%
confidence interval for the difference between the proportions for the ith and (i+1)th polls, using (12);
accordingly, we replaced zi+1 in (15) by±1.96.We used thefirst third of the polls for computing initial values for
the parametersα andβ of the beta distribution, and the rate parameter θ. For the remaining two thirds of the
polls and for each response, we next computed the difference between the proportion choosing that response in
the poll and the corresponding proportion in the following poll.We then checkedwhether this difference was in
the computed confidence interval. After each stepwe recomputed the values ofα,β and θusing all the polls up
until the current one. The results are shown in table 5, and it can be seen that the predictions for each response
werewithin the appropriate confidence interval over 97%of the time.

We also computed the difference between the actual result of the referendum and the current poll, to
determinewhether this difference was in the same confidence interval (this is equivalent to assuming that the
following poll was the actual referendum). It turns out, as can be seen in table 6, that the actual referendum result
for Remainwaswithin the predicted confidence intervals in all cases, while this was true for Leave only about
14%of the time.However, this percentage for Leave increases to 70% if only the last 20 polls are considered.
Thus, even for the supposedly unpredictable referendum result, this is consistent with the adage that the later
polls aremore informative than the earlier ones.

5. Concluding remarks

Wehave proposed a generative stochastic differential equationmodel to analyse the time series of poll results;
this possesses a stationary solution and themarginal distribution of the time series is a beta distribution.We
provided empirical evidence that themodel is a good fit to the polls leading up to the Brexit referendum, and also
provides good predictive power for the next step prediction task.We intend investigating other data sets for
further validation of themodel such as the analysis of polls leading up to a general election.
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