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Closed form representations and properties
of the generalised Wendland functions

Andrew Chernih and Simon Hubbert

Abstract

In this paper we investigate the generalisation of Wendland’s com-
pactly supported radial basis functions to the case where the smoothness
parameter is not assumed to be a positive integer or half-integer and the
parameter ¢, which is chosen to ensure positive definiteness, need not take
on the minimal value. We derive sufficient and necessary conditions for
the generalised Wendland functions to be positive definite and deduce
the native spaces that they generate. We also provide closed form repre-
sentations for the generalised Wendland functions in the case when the
smoothness parameter is an integer and where the parameter ¢ is any
suitable value that ensures positive definiteness, as well as closed form
representations for the Fourier transform when the smoothness parame-
ter is a positive integer or half-integer.

1 Generalised Wendland Functions

Positive definite functions are frequently found at the heart of scattered data
fitting algorithms both in Euclidean space and on spheres: see [18]. The aim
of this paper is to investigate a large class of such functions. The following
definition fixes the notation for what follows.

Definition 1.1. A function ¢ : [0,00) — IR is said to generate a strictly
positive definite radial function on RE, if, for any n > 2 distinct locations

x1,..., 2, € RE the following n x n distance matriz
! 1.1
rj—x , .
(6Ches =) (1)
where || - || denotes the Euclidean norm, is positive definite.

For such functions we have the following characterization theorem (see [7] p34).

Theorem 1.2. A continuous function ¢ : [0,00) — IR such that r —
rd=l¢(r) € L1[0,00) generates a strictly positive definite radial function on



IR? if and only if the d— dimensional Fourier transform

Faole) =4 [ oyt 1y (12)

(where J,(-) denotes the Bessel function of the first kind with order v) is non-
negative and not identically equal to zero.

In this paper we will investigate the family of parameterised basis functions

defined by:

1
Pualr) = M/ (1=t t (2 =) dt for ref0,1], (1.3)

where g > —1, @ > 0 and I'(-) denotes the Gamma function

Before we embark on our investigation we briefly review what is already known
of this family. Firstly, it is well known (see [4]) that if &« = k € {0,1,2,...}
then the function ¢, generates a strictly positive definite function on RY if
and only if

n>— =tk (1.4)

In particular, quoting [4], the function ¢, is 2k times differentiable at zero,
positive, strictly decreasing on its support and has the form

Gpue(r) = pr(r)(1 = r)", (1.5)

where pj is a polynomial of degree k with coefficients in p and (x)4 :=
max(z,0). In [17] Wendland considers the case where

p=10:= MMH (1.6)

i.e., the smallest allowable integer that still allows positive definiteness. In this
setting we can deduce from (1.5) that ¢,y is a polynomial of degree 2k + ¢ on
the unit interval. Furthermore, it can be shown (see Chapter 10 of [18]) that,
when d is odd, the function

(I)(va) - (z)%_Hg’k(”x - yH)7 X,y € IRda (17)

is the reproducing kernel of a Hilbert space which is norm equivalent to the
d+1
integer order Sobolev space H %Jrk(]Rd).



In a relatively recent development Schaback [15] considered the case where «
is taken to be a positive half-integer, i.e., where a = k 4 1/2. In this setting
the following result is established (see [15] Theorem 3.1).

Thereom 1.3. Let d be a fixed spatial dimension and k be a positive integer.

Then if

1
p= V;JJrk:Jrl

then ¢u w1 generates a positive definite function on RY.
W

Following Wendland’s approach, we can devote particular attention to the case

where p = ¢ = L%J +k+1, the smallest allowable integer that still allows posi-

tive definiteness; Schaback describes the resulting family ¢,, , 1 as the missing
T

Wendland functions and demonstrates (in analogy to the orignal Wendland
functions) that, when d is even, the function

(I)(XaY) = ¢%+k+17k+%(HX - Y||)7 X,y € Rd> (18)

is the reproducing kernel of a Hilbert space which is norm equivalent to the
integer order Sobolev space H %+k+1(IE{d). An important distinction between
the original Wendland functions and the missing Wendland functions is that
the missing Wendland functions, whilst still being compactly supported, now
have logarithmic and square-root multipliers of polynomial components.

In this article we present a more general investigation, partly inspired by the
open problems raised by Schaback in [15], into the family of functions (1.3)
which, building upon extant knowledge, we shall describe as the generalised
Wendland functions. Specifically, for a given dimension d, we determine the
full range of parameters ;1 and o for which the function ¢, . generates a d-
dimensional positive definite function and, in addition, by examining the decay
rate of the Fourier transforms of such functions, we also establish the nature
of the reproducing Hilbert space. We also present an extension of the work in
[5] and derive closed form polynomial representations for ¢, k € INg as well
as closed form representations for the Fourier transform of the original and
missing Wendland functions.

2 The functions ¢, , and their Fourier transforms

In order to examine the range of parameters p, o for which ¢, , generates a
positive definite function on IR, we compute its d—dimensional Fourier trans-



form. Using (1.2) and (1.3) we have

_d 1 d
fd¢u,a(z) =172 /0 ¢M7a(y)y2J%_1(yz) dy

_d
Zl

d 1l )
= — _ 12 =3
2a—1T" /0 /y (1= ) 4(t* —y*)* y2 Ja_y (y2) dt dy.

a)
To develop this integral further we make the change of variables s = y/t,z =
t(0<y<1, ygtgl) to yield
L=

fd¢,u,a( ) 90— 1F Oé

/ / 2045 (1 —x)" 82(1—5 ) le _,(zsz)dsdzx.
From [6, 6.567.1], we have that

1
/0 sVt (1 — 52)“ Ju(bs) ds = 2FT'(p + 1)b’(“+1)Jy+u+1(b), b>0,

and so we can simplify the above expression to
1
Y - v at+d I
Fabual(z) =22 72 (1 — ) Ja+g_1(zx) dz. (2.1)
2
0

The following identity is taken from [6, 6.569]

. ) DT\ +v+1)27%a
/0 2Nl —2) 1y (az) dz = P+ DA+ p+v+1)

2
X2F3(/\4—;4—17/\+;+2;V+17)\—i-l/—;—u—i-l’)\—l—u—;,u—kl;_z),

where o F3(ay, ag; by, b, bs; z) denotes the hypergeometric function (see [1], 15.1.1)
defined by

o0

pFy(ar, .. ap;by,. .., Z ', (2.2)
=0 =l i '7
with p = 2 and ¢ = 3 and where
r
(c)n::c(c+1)---(c—l—n—1):(li(—i—)n), n>1 (2.3)
c



denotes the Pochhammer symbol, with (¢)p = 1.

Applying this identity allows us to conclude that

T(u+ 1)I(2a + d)

Fabpalz) =
o D(a+ 9)20t 81020 + d + p + 1)
d d+1 d pu+d+1 p+d+2 22
X 2 3<2—|—O£, 92 —|—O£72 « 92 +Cl, 9 Qs 4

We notice that, in the terminology of the hypergeometric functions, we have,
in the above example, the case where a; = b; and thus, by (2.2) this oF3
function collapses to a 1 F> function. With this observation and the preceding
development we have established the following theorem

Theorem 2.1. The d-dimensional Fourier transform of the generalised
Wendland functions ¢, q, is given by

d+1 p+d+1 p+d+2 22 -
5 - z .
2 ) 2 ) 2 ? 4 9

Fabpal2) = C1° 1 Fy ( fa ta i

where

cre F(p+DI'(2a+d)

o a+2-1 d (2'4)
20721 (0 + DI (2a +d + p+ 1)

The following result provides us with the range of parameters y and « for
which the function ¢, o generates a positive definite function on IRY.

Theorem 2.2. The generalised Wendland function ¢, . generates a positive
definite function on IR if and only if its parameters satisfy

> — .
n = 5 + «

Proof. This follows directly from [11] which proves that

b b+1 22
1F2<CL;CL+2,CL+2;—4>>O, z>0,
forb>2a>0,forb>a>1,orfor0<a<1,b>1. Itis also proven that

this function cannot be strictly positive for 0 < b <aora=5,0<a < 1.

In our case, a = % 4+ a > 1since d > 1 and a > 0 and hence a sufficient and
necessary condition reduces to b > a which means that

> — .
n = 5 + «

5



O]

Now that we have established the correct parameter range for positive definite-
ness we turn next to examining the associated Hilbert function space Ny, ,
whose reproducing kernel is the induced kernel

Ppa(x,¥) = duallx —yl2), xye R

In order to establish such results we follow Wendland’s approach and develop
tight bounds upon the decay rate of the Fourier transform of the appropriate
basis functions.

Theorem 2.3. The d-dimensional Fourier transform of the generalised
Wendland functions, Fqpu o, with pp > o+ %, satisfies

Fadua(z) =0 <zf(d+2a“)> for z— oo.

Proof. We need to show that for z > zg, there exist two positive constants, ¢
and ¢ such that

o1 < 22N Fug 0(2) < co (2.5)
Using [8, 9], we have the following asymptotic expansion for Fy¢, o (2) as z —
oo and |arg(z)| < §

T d
Fadpalz) = (1 + F(—;)l + 2a)

+F(,u+d+1+2a)z_(“+o‘+d2i> z_w( . d+1>
D (5 +a)  ol5ite)t 2

zmd=20-1 {1 + 0(2_2)}

—l—O(z_l)}.

Collecting terms not depending on z into constants c3, ¢4 and c5 gives the
following expression

22T 0(2) =3 {1+ 0(z72)) + P anae e {cos(z —c5) +O(z71)}.
(2.6)
Then for the upper bound, since cos(z) is bounded by 1 in absolute value, we
can see that for z > zo, there exists an e > 0 such that

LA E G (2) < (C3 i qfw%—#) (1+ )
< (Cg + C4) (1 + 62)

=. (2,



which is positive since all its components are also positive. We proceed similarly
for the lower bound and we first consider the case where pu = % + «. For
z > 71, there exists an €1 > 0 such that

zd+2°‘+1fdgbu7a(z) > c3(l—€1) — (14 €)

= c3—cq—e€(c3+ca)

= (1.

For small enough €1, ¢; > 0 since

c3—c4 = F(u+d+2a+1){r
> 0.
Since the second term on the right hand side of (2.6) is decaying for p >

% + «, the existence of a lower bound in this case follows similarly. Setting
2o := max(z1, z2) completes the proof. O

With Theorem 2.3 established, we can appeal to the theory of radial basis
functions (see [18]) to deduce the following.

Corollary 2.4. Letd > 1 denote a fixed spatial dimension and o, 3 > 0. The

generalised Wendland function ¢@+a+ﬁa s reproducing in o Hilbert space
2 b

which s isomorphic to the Sobolev space o5 e (IRd)
With Theorem 2.3 and Corollary 2.4 we can state one more result.

Corollary 2.5.  Ewvery Sobolev space H™(RY) with 7 > (d + 1)/2 has a
compactly supported and radial reproducing kernel.

2.1 Fourier transform dimension drop

With Theorem 2.1, we can deduce that



d+1 (+d+1 (+d+2 2
Faber(z) = CF 1 Fy +k; +F, + k-
2 2 2 4

m d 1 4+d 1 +d+1 1 22

— ’ F — ]{ _— ]C - k —, —

Ca 2<2jL LR R L A T

0kt s
:fd,1¢>e’k+%(z)/cd71 2 by Theorem 2.1

cy
= mfd—l%,m%(z)
Ca
: 0k Lkt
Using (2.4) we see that C;" = C,”, * and thus we have that
Fapen(2) = Fa1¢gp,1(2), (2.7)
or equivalently,
fdﬁb%“ﬁk(z) = fd—1¢%+k+17k+%(z)- (2.8)

We remark that (2.8) tells us that the d—dimensional Fourier transform (d odd)
of the original Wendland function (designed for IR? with smoothness param-
eter k) coincides with the d — 1 dimensional Fourier transform of the missing
Wendland function, designed for IR*~! with smoothness parameter k + % We
note that this observation is not a surprising one since it is known that the
derivatives of the Wendland family, when written in f—form, also remain in the
Wendland family, see [3] for further details and [16] for practical implications.

We summarize our observations in the following result.

Corollary 2.6. Let k be a positive integer. If d is odd then the d—dimensional
Fourier transform of the original Wendland function ¢gj, (¢ = %%—k‘) s given
by

1
Fader(z) = \/3/0 be0—1(y) cos(zy)dy. (2.9)

8



Similarly, if d is even then the d—dimensional Fourier transform of the missing
Wendland function ¢,, . 1 (¢ = % + k+1) is given by
’ 2

2 1
Fabppi1(2) = \/;/0 Pr,e—1(y) cos(zy)dy. (2.10)

Proof. The first formula can be derived by recursively applying (2.7) d — 1
times to give

Fader(z) = }—1%7%%(2) = F1ee—1(2).

Now, applying (1.2) with d = 1 we find that

1 1
Fitne(s) = VE [ bnaaVid_y(zn) dy = /2 | ety coste d,

where we have used the fact that

The same argument leads to the second formula. O

3 The functions ¢,; where k,/ € IN

In this section we examine the generalised Wendland functions (1.3) in the spe-
cial case where @ = k and ¢ are positive integers. To initiate this investigation
we present the following result.

Theorem 3.1. Let d be a fized space dimension and k be a positive integer.
In addition let ¢ > (d + 2k + 1)/2 be an integer. Then the function ¢gp (1.3)
s given by

1 & ()

ouk(r) = Se > (H;ﬂ.) F—ipk=i(1 — )R e 0,1 (3.1)
=0 Y

Proof. See [5] Theorem 4.1. O



We begin with an application of the binomial theorem to yield

) C+k+j

(+k+7 iy
k— k+n
P (r) = 2k|k,| Z é+k+] 2 Z ( > e

(3.2)
2k+0

= E cirla
=0

where, following some standard algebraic manipulation, the polynomial coeffi-

cient (ci)?iare are given by

i k .
1 . ; 0+ 2k —
C, = ﬁ (_2)J €+(2]k')—j ( —: o j)
" =0 ) J
o 2% — j
2k (0 + 2k — i) 'Z'Z < ><j>

12k! 7
2’“%'5—{—21{:—2'@'2 2)<]>

O 02MT (ke + 2 ’j)
f(£+2k—z'z‘z 2] ’

where, in the final line we have employed the following formula from [1] Chapter
6, for evaluation of the Gamma function at the half-integers

1\ _ /7 (2k)! _
F<k+2)_4k w0 k=012, (3.4)

We can now employ the following identity taken from [12] (4.2.10.13)

() -t () @ ()

Jj=0

10



where C’,L»()‘) denotes the Gegenbauer (or ultraspherical) polynomial of degree 4
and order A (see [1] Chapter 22). Setting z = 2 in the above identity yields

() _r@-iv)

)~ T+

Zi:(—l)jxj (;) 0(1/2+k 9(0).

J=0

(=1)'

27,
For a non-negative integer ¢ we have (see [1] Section 22.4) that

20 /T (A+3)

O T Ry

1

and so, using this identity, we can deduce that

Z< 12 ,(( ))() r(k )";1)\1/_771 (3.5)

and thus we have

02k T (k- 151

¢ = 1)i(£+2k—z)n r (-5

( )zr (H—l)
I (5L — k) (€+ 2k — )il

= (-2)"n

where, in the final line, we have used the reflection formula for the Gamma

function ([1] 6.1.17)
7r

T()D(1 - z) =

(3.7)

sinmz’
We are now in a position to deliver the following result.

Theorem 3.2. Let d be a fized space dimension and k be a positive integer.
In addition let ¢ > (d + 2k + 1)/2 be an integer. Then the function ¢gp (3.1)
s given by

2k+20 _1\é i+l 7"i
fualr) = (2103 r(w;(_lg)ig(f;k_w for el (3.8)

Proof. This follows from (3.6). O

11



The above theorem provides explicit representations for the Wendland func-
tions which were previously unavailable. In the earlier literature the standard
approach was to provide representations with recursively computable coeffi-
cients; see [18] Theorem 9.12 for a proof and [16] for a practical implementation.

We close this section by collecting together some properties of the above family
of polynomials. First of all we note that the first £ odd coefficients of the
polynomial are zero and so we may write ¢z (r) as

L (i+4)r
U (i—k+3) €+ 2k —20)(20)!

(ﬁg,k(T) = (—2)k€'|: ‘

L | e (3.9)
BS (=1)T (k+ 1+ %) r2ktiti
ST (1+5)(C—1=i)k+1+0)]

or alternatively, as the sum of an even polynomial and a shorter odd polynomial

k+

bu(r) = (—Q)kf![

'_
~
N

7 T (i+34)r2
T (i—k+3) €+ 2k — 2)(20)!

-1

™

o

1=

! (3.10)

[I—

(k + ) lp2h+2it1
A(0—1—2i)(2k +2i+ 1)1

=]

1=
With this representation we see that the smoothness of ¢, is dictated by the
highest order term in the odd polynomial part. Furthermore, we can use this

expression to deduce that the first £ odd derivatives of ¢y (r) vanish when
evaluated at » = 0, i.e., we have

It is straightforward to deduce from (3.8) that the values of the remaining odd
derivatives are given by

(@k+142p) 0y (—1)FTL2E0(K + p)! _ al

2
With (1.5), we can see that the first (¢ + k — 1) derivatives of the function
vanish at r =1, i.e.,

W(1)=0 n=0,1,....0+k—1 (3.13)

12



4 Fourier transform of the original Wendland func-
tions in odd dimensions

Throughout this section we shall assume that the space dimension d is odd. In
this case we revisit the original Wendland functions ¢, with integer smooth-
ness parameter k£ and £ = % + k.

Before we embark on the calculation of the Fourier transform of the original
Wendland functions, we briefly collect some important properties of the func-
tion ¢y ¢—1. Firstly, using Theorem 3.2 we know that it is a polynomial of degree
3¢ — 2 on the unit interval. Specifically, (3.9) yields

. -1 Y% -1 Byt
_ = (=2)""¢ 4.1
See1(y) = (-2) [g St Eisamte ] M ()
where, for ¢ =0,1,...,£ — 1, we have

T (i+3) (-1 (¢ +3)

R Y v T i ) Ml Vs g Ty cp A (4.2)
A combination of (3.11) and (3.12) allows us to deduce that
¢é,25j11)(0) _ {0 I ior p=0,1,2,....0—2; (4.3)
GO 3  for p=l-L
Furthermore, in view of (3.13) we also have
9 (1) =0 for n=0,1,2,...,2( 1) (4.4)

Using (4.1) we can deduce that the value of the remaining ¢ derivatives at one

13



are given by

-1
2(¢— 1)+n) RV | Bi
= Bpin—
1)f2t 1@;:0 Pptn—1 (4.5)

1)PT <g 1+ %Hp)

1
(0 —n—p)T (w)

form=1,... ¢

Keeping these properties in mind we can now compute the Fourier transform
as captured in the following theorem.

Theorem 4.1. Let d be an odd space dimension, k a positive integer and
let £ = (d + 2k 4+ 1)/2. The d—dimensional Fourier transform of the original
Wendland function ¢y, is given by Fader(z) =

ST 5, o, 1S,
5] 1 ) 5]
Sd+2kt1 cos(z) 22 (2) Z i 22j ] ’ (4.6)
j=0 j=0 =0
where
—2j-1 .
d (=1)PT (6 +j +2)

ap; = (—1)72¢7 1!
15 = (=1) pzo P—2—1—pIT(j+1+2)

252 (—1)°T (g fi+ 1i1>

=0 Pf—2j—2— p)'F( +1+p+1)

a2,j — (_1)]26—1)6' (47)

(=17 +¢-1)!
a33—2€ Lo —1=2))j!

14



Proof. In view of Corollary 2.6 we have that Fy¢y;(2) =

1 -l
\/Z/o Ge0-1(y) cos(zy) dy = \/zRe s

/ beo—1(y) exp(izy) dy

30—2 () zz y=1
2 Pii— 1(y) v
7rRe Z( ) (iz)i+ (4.8)
_JZO y=0
5 302 ¢§J2 (e oz 3=2 ¢é32 (0)
_ = _1V . 5 _1)J+1 T5E—
= |/ ~Re jz(:)( 1Y = +JZ(:)( 1) G

We shall examine the two sums appearing in the square brackets separately.
We begin with the first term:

30-2

S (1 jOla (e 33:2 o O (Ve
— (iz)3+1 2i+1
]:
30—2 i
¢M (De”
1
== > i = by (43)
j=20—1
L0 [l (D eos(z) L it (1) sin(z)
N 226 Z Zj +Z Zj

j=0 Jj=0

Noting that 2¢ = d + 2k + 1 and taking the real part of this expression yields

-1 S (2f—1427 L1 ; 20425
1 | ] (_1)£+J¢( - + j)(l) ‘ | 5] (_1)£+g+1¢é7€j1])(1)
oot | cos(?) > 2] +sin(z) 225+
=0 =0
L L)1
o W,
= arary1 | oos( Z +Sm S2i+1 |0
j= =0
(4.9)

15



where, using (4.5) with n = 2j + 1 and n = 2j + 2, the coefficients (a1,;);>0
and (az;);>0 are as stated in the theorem.

We now move on to the second part of (4.8)

Z (_1)j+1¢é32_1<o> - Z (_.)j+1¢§72_1<o>
— (iz)i+1 I - t Zi+1
J= J=

We note that the real part of this expression involves only the summands
indexed by the odd integers. Furthermore, we know from (3.11) that the first
¢ —1 odd derivatives of ¢, ¢_1 vanish at zero. Thus, in a similar fashion to the
derivation of the first sum, we can deduce that

. : 1 ottaoi
N 30—2 . d’gé)—l(o) B 1 | 5] (_1)£+3¢f€_11+2j)(0)
G[ZH) g+ | T Sdtekel > 22]
=0 =0

(4.10)

5]

1 2 a37j

- ~d+2k+1 z 2]
Jj=0

where, applying (4.3) with p = ¢ — 1+ j, the coefficients (a3 ;);>0 are as stated
in the theorem. The result is established by substituting (4.9) and (4.10) into
(4.8). 0

5 Fourier transform of the original and missing Wend-
land functions in even dimensions

In this section, we derive closed form representations for the original and miss-
ing Wendland functions, for a given even spatial dimension d.

5.1 The original Wendland functions

Since the space dimension d is even, now we have ¢ = g + k + 1. Once more we
can recursively apply (2.7) to deduce that

Fader(2) = Fadep—2(2) = ]:1@547@_%(2)-

16



We have developed closed form expressions for the generalised Wendland func-
tions whose smoothness parameter is a positive integer, and consequently, for
the current calculation, we shall focus on the 2—dimensional Fourier transform.
Specifically, using (1.2) we shall compute:

1
fd¢£,k(z):/() bee—2(y)yJo(zy) dy. (5.1)

As before we collect together the key properties concerning the function ¢y ¢_».
Starting with (3.8) we have its closed form representation

sa (~2) 20 (-1 (£5)
_ = c;jy’, where ¢; = , 5:2
Pee-2() jz; 7Y e r(%—(e—z)) (3¢ — 4 — j)1j! 52

Now, from (3.13), we know that the first 2¢ — 3 derivatives of ¢y ¢_o vanish at
one. Consequently, we can deduce from this that the polynomial coefficients
(cj)?i_(f satisfy the following moment conditions:

30—-4

d i =0 p=0,1,...,2(t—2),2( -3, (5.3)
j=0

and, in particular, we note that
30—4
> =0, p=0,1,....0-2
j=0

With this preparation we can tackle the Fourier transform calculation

34—4

1
Faber(z) = Cj/ Y Jo(zy) dy
j=0 70

Let .
Ij —/ y' " Jo(zy) dy, (5.4)
0

then, using [13] formula 1.8.1.5, we can deduce that

17



-2
Ly = - Sl (5.5)

Applying this, and taking account of the moment conditions (5.3), we can
conclude that

30—4 304

Z cjljv1 = Z ¢jJ I] 1-
=0

We can repeat this process £ — 1 times to yield

30-4 30—
> el = Z G =27 (=200 = 1) 91
j=0 Jj=0

= a0 > GG -2% (=200 = 1)) 51 a0y,
j=2(0—1)—1

where the index shift of sum is valid since it is known that the first £ — 2 odd
coefficients of ¢y ¢_o are zero. Using the identity

r(3+1) ’
G2 —2)% - ( —2(0 — 1))% = 22D |
r(3+1-(-1)

we can, with a shift in the summation index, write

2
_ gy -1 (|
(_1)[ 122(f 1) < 2 )
Fape k(z) = T au-1 C2(0—1)—1+j I;.
) =) E : J J
z = r (%)

We can now employ expression (5.2) for ¢;, together with some algebraic ma-
nipulation, to show that the above sum simplifies to

2£ 1£| -1 ( )JF l— 2
fd¢£,k(z) 2(@ ) Z’Y]I]a where Vi = ( ) (5 6)
Jj=0 (5_1—J'F(j7>]
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Now, for j > 2 we can rewrite (5.5) as

/- Jliz) G- 12)2Jo(z) U ;21)2 I (5.7)

Furthermore, appealing to [6] (formulae 6.561.1. and 6.561.5), we have that

o= A(=) + Jo(=) and I = 2 1£z), (5.8)
where the function A(z) is defined by
A(z) = g (J1(2)Ho(z) — Jo(2)H1(2)) (5.9)

where H,(z) denotes the Struve function of order v; see [1] Chapter 12.

We can now employ (5.8) and (5.7) together to deduce that

-1 -2
> vl =A2)v0 + Ji(2) [ZF(;%H]
§=0

— .
o2+ 1)
22

+ Jo(2) |70 +

-3
1 .
) E (G + 1?42l
=0

Repeating this process again leads to
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/-1

12
> il =A(2) (v - 7;)
7=0

M l—2 -4 .
) =0Vl =0 %+30 +2)°
! z 23
25—3 ) . 1 =5 . 1)(7i+3 2
7 o2+ 1) Yo+ DG +3)
+ Jo(2) [0+ e - A
=
+ 1D i+ D0 3T
=0

Clearly, we can continue applying this recursion to deliver a closed formula for
the even dimensional Fourier transform. In order to express this neatly we use
the above development to fix formulae for the coefficients involved. Firstly,
using (5.6) and (3.4) we set

2
T(p+3 )P ({—14p+1
bip = (—1)P2p2% ( T )| - (VT — 2). (5.10)
I (3) (0—1-=2p)p\\/m
Next, we set

£—2(p+1) T 144 2
—2p p+1+ 5)

bop=(—1)P2% > ygppagy | —F—

=0 r (1 + %)

(5.11)

B (pre+d)rp+1+4)

N\ 27
=0 (£—2(p+1)—)'2p+1+HIT (1 + %)

and finally
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Y0 for p = 0;

b3, = T +u 2
P (—1)ptig2e- 1Zz 2p— 1721”*31“((5)1“2(“*) for p> 1.
2
0 | for p=0;
- PH1o2p—1 - 2p-1 (—1)D(¢—14p+3E)T (+%) ]
(1 Z (t=1—-2p—j)!(2p+5)'T (L)1 (LF2) for p>1.
(5.12)

With the coefficients prepared we can conclude the following result.
Theorem 5.1. Let d be an even space dimension, k a positive integer and let

= % + k+1. The d—dimensional Fourier transform of the original Wendland
function ¢gy, is given by Fypyp(z) =

v = 1£)-1 1411

! bl, by,
2d+2k Az) , p T () Z 22p+p1 +Jo(2)
p=0 p=0 p=0

bs.p
22p] (5.13)

where the coefficients by j,ba j and bs; are given by (5.10), (5.11) and (5.12)
respectively.

We note that it is not immediately obvious from (5.13) that we achieve the
asymptotic decay rate predicted by Theorem 2.3, namely that

1
fd(bg,k(z) = O <Zd+2k+1> . (5.14)

In view of this we close the paper by directly investigating the asymptotic
behaviour of (5.13). To begin with we notice that a glance at (5.10) and (5.12)
shows that b3g = 9 = b1 and so, isolating the first terms (p = 0) which
contribute from the sums in (5.13) we can write Fq¢y 1(2) =

01261 b
M + (rapidly decaying terms)|. (5.15)
z

ok |70 (A(2) + Jo(2)) +

Using the asymptotic expansions of the Bessel function [1] (formula 9.2.1) and
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Struve functions [2] (formulae 3.62 and 3.63), we see that as z — oo

A(z) = —\/Zcos (z - %) +0(z7h)

Jo(z) = \/Zcos (z — %) +0(z7h)

Ji(z) = \/zcos <z - T) +0(z7h)
and consequently, as z — 0o, we have

A(2) + Jo(2) = O (i) and Jliz) -0 <Z31/2> .

From this, we can verify that the Fourier transform decays at the expected
rate (5.14).

5.2 The missing Wendland functions

Since we now are working with the missing Wendland functions in an even
dimension d, we seek a closed form for Fy¢,, 1, where k is a positive integer
’ 2

and ¢ = d/2 + k+ 1. With (2.7), we can see that

fd¢g+k+1,k+§ - fd—1¢g+k+1,k+1

- fd*1¢%+k+1+%,k+1a

which is just the d — 1-dimensional Fourier transform of the original Wendland
function with smoothness parameter k + 1 (since k is an integer). Since d — 1
is odd, the closed form representation for this is given in Theorem 4.1, which
gives the following result.

Theorem 5.2. Let d be an even space dimension, k a positive integer and let
¢ =d/2+k+1. The d—dimensional Fourier transform of the missing Wendland

function ¢, 1, is given by Fad, ;. 1(2) =
’ 2 ) 2

V2/T & g | L az,j as,;
W COS(Z) : ZT] -+ Sln(Z) : Z2j+1 + : ZQj s (516)
7=0 7=0 7=0

oL

Nles

(]

where a j,as; and azj are given by (4.7).
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