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Generalised Beauville Groups

L. Carta1, B. T. Fairbairn2

Abstract

A Beauville group acts freely on the product of two compact Riemann surfaces
and faithfully on each one of them. In this paper, we consider higher products and
present generalised Beauville groups: for d ≥ 2, d is the minimal value for which the
same action can be defined on the product of d compact Riemann surfaces.

1 Introduction

Definition 1. Let C1, C2 be two compact Riemann surfaces (i.e., algebraic curves), each
of genus g ≥ 2. Let G be a finite group. Consider the 2-dimensional variety over the field
C given by the quotient B = (C1 × C2)/G. We call B a Beauville surface of unmixed type
if the action of G:

(1) is free on C1 × C2, that is, without fixed points;

(2) is faithful on each Ci (for i = 1, 2) as its group of automorphisms, so that Ci/G is
isomorphic to the projective line P1(C) and the covering Ci → Ci/G is ramified over
{0, 1,∞}.

Notice that an automorphism of G may give rise to non-isomorphic Beauville surfaces (see
[11]).

Beauville’s original construction (see [4, Exercise X.13 (4)]) was first studied by Catanese
in [5]. In the above definition, condition (1) is sometimes referred to as B being isogenous
to a higher product, whereas condition (2) is often expressed in terms of quasiplatonic
surfaces or triangle curves (see [12, p. 226]). Here we will not consider Beauville surfaces

1Department of Economics, Mathematics and Statistics, Birkbeck, University of London, Malet Street,
London, WC1E 7HX. Email: l.carta@bbk.ac.uk

2Department of Economics, Mathematics and Statistics, Birkbeck, University of London, Malet Street,
London, WC1E 7HX. Email: b.fairbairn@bbk.ac.uk

1



of mixed type, where some elements of G transpose the two curves Ci. In [5, Theorems
4.13, 4.14] and [6, Theorem 3.3], Catanese also proved that Beauville surfaces are rigid,
i.e., they do not admit any nontrivial deformation; if we let G0 ⊂ G be the subgroup of G
of index ≤ 2 which does not exchange C1 and C2, then rigidity is equivalent to G0 satisfying
condition (2) (see also [2, p. 2]). In particular, if we have two complex surfaces B and
B′, where B is a Beauville surface and χ(B′) = χ(B) and π1B′ ∼= π1B, then B and B′ are
diffeomorphic, that is, isomorphic as differentiable real manifolds. By [2, 9, 10], it follows
that B′ is biholomorphic to B or its complex conjugate surface B̄, obtained by applying
complex conjugation to the coefficients of the polynomials defining B. Notice that for
complex algebraic curves it is exactly the opposite: for each g > 0 there are uncountably
many isomorphism classes of Riemann surfaces of genus g, all mutually homeomorphic, and
hence with the same Euler characteristic χ = 2 − 2g, and with isomorphic fundamental
groups.
The interest of algebraic geometers in Beauville surfaces is well explained in [3, p. 3]: they
provide cheap counterexamples to the Friedman-Morgan speculation and, more in general,
their rigidity and the possibility to describe them just by discrete combinatorial data make
them very useful and easy to handle to test conjectures and offer counterexamples to a va-
riety of problems. Furthermore, the action of the absolute Galois group on Grothendieck’s
Dessins d’enfants embedded into Beauville surfaces is the object of several studies (see, for
example, [9]). The crucial aspect is to find which finite groups are suitable to determine
Beauville surfaces. Hence, following Catanese’s remark that “classifying all the Beauville
surfaces is then a problem in group theory” [5, p. 24], we now proceed to formally state
the properties of the group G in Definition 1.

Definition 2. Let G be a finite group. For x, y ∈ G, let

Σ(x, y) :=

|G|⋃
i=1

⋃
k∈G

{(xi)k, (yi)k, ((xy)i)k}.

That is, Σ is the union of the conjugates of the cyclic subgroups generated by x, y, xy,
respectively. A set of elements {x1, y1, x2, y2} ⊂ G is an unmixed Beauville structure of G
if and only if 〈x1, y1〉 = 〈x2, y2〉 = G and

Σ(x1, y1) ∩ Σ(x2, y2) = {e}.

For i = 1, 2, if xi, yi determine a Beauville structure of G, then we call G a Beauville group.

Observe that since Σ(xi, yi) is the set of elements of G with fixed points in Ci (for i = 1, 2),
the existence of a Beauville structure implies that the action of G is free on C1×C2. Tradi-
tionally, authors have added a third element zi = (xiyi)

−1 to every pair xi, yi in the above
formulation to explicitly reflect condition (2) in Definition 1 and the consequent rigidity
of the corresponding Beauville surface: indeed, xi, yi, zi represent the local monodromy
permutations for the covering Ci → P1(C) over {0, 1,∞} (F = 〈x, y, z : xyz = 1〉 is the
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fundamental group of the projective line minus three points).
Beauville structures are determined by taking a 2-generated finite group and checking for
trivial intersections of any two sets Σ obtained from pairs of generators. Hence, a natural
question is to ask whether we can have 2-generated finite groups for which there are no
Beauville structures, but trivial intersections of more than two sets Σ can still be found.

Definition 3. Let G be a finite group. The minimum number d of sets Σ(xi, yi) of G
(i = 1, . . . , d and G = 〈xi, yi〉) whose intersection is trivial is called the Beauville dimension
of G. If there exists at least one non-identity element of G which is contained in every set
Σ, then d = 1.

It could be argued that in the last case d should be left undefined. However, in order to
determine the Beauville dimension of a generalised Beauville group, we typically go through
a series of consecutive natural numbers until the actual value is reached, and thus starting
from (or ending at) 1 seemed to be the obvious choice.

Example 1.1. Any Beauville group has Beauville dimension d = 2.

Definition 4. Let G be a finite group with Beauville dimension d ≥ 2. Then, G is a gener-
alised Beauville group. The corresponding generalised Beauville structures are obtained by
considering the d generating pairs of elements. Similarly, the resulting generalised Beauville
varieties are just the quotients of the products of d algebraic curves by G.

Remark 1.2. We remark that generalised Beauville varieties have many of the properties
that make Beauville surfaces so worthy of study. First note that the varieties with d > 2 are
rigid for the same reasons that Beauville surfaces are: since an analogue of condition (2) in
Definition 1 holds and the arguments used in [5, Theorems 4.13, 4.14] and [6, Theorem 3.3]
can be applied here. (Note that conditions of existence and rigidity were already proved
in [5, Theorems 7.1, 7.5].) Moreover, presentations of their fundamental groups are just
as easily obtained in the higher dimensional cases as they are for Beauville surfaces as the
discussion given in [12, p. 240] is readily adapted. Ongoing work of the first author also
shows that the results of [11] concerning the automorphism groups of Beauville surfaces
can also be adapted to the higher dimensional cases.

Example 1.3. Consider the group G ∼= C3 × C3. Let x and y be a generating pair for G.
Then, the non-trivial elements of the four proper subgroups of G are as follows:

1. A = {x, x2},

2. B = {y, y2},

3. C = {xy, (xy)2},

4. D = {xy2, x2y}.

Hence, from each set we get a cyclic subgroup of order 3. Now, applying Definition 2, we
have that
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1. Σ(x, y) = {e} ∪ A ∪B ∪ C,

2. Σ(x, xy) = {e} ∪ A ∪ C ∪D,

3. Σ(y, xy2) = {e} ∪ A ∪B ∪D,

4. Σ(y, xy) = {e} ∪B ∪ C ∪D.

As we can easily notice, only the identity element appears in all four sets Σ, whereas the
intersection of any two or three of them is non-trivial. Thus, d(G) = 4. In particular,
C3 × C3 is the generalised Beauville group of smallest size (see the table in Section 3).

The above example has been known for some time and was brought to the authors’ attention
by Gareth A. Jones. Starting from that, we wrote algorithms, implemented in GAP (see
[13]), to search for further cases of Beauville groups and structures.

Example 1.4. Consider the group

G = 〈x, y |x9, y9, [x, y]3, [x3, y], [x, y3], (xy2)3, (x2y)3, (yx)3x3y3〉

(i.e., SmallGroup(243, 4) in GAP notation) with the following generating pairs:

1. A = {x−1y3, x2y},

2. B = {x3y−1, xy−3},

3. C = {x−1y, xy}.

Clearly G is not a Beauville group since any two of A, B, C have corresponding sets Σ
with non-trivial intersections. However, Σ(A) ∩ Σ(B) ∩ Σ(C) = {e}. Hence, d(G) = 3.
This is the first known example of a generalised Beauville group with Beauville dimension
equal to 3. Among all groups of order 243, a similar argument can be applied to H =
SmallGroup(243, 13) showing that this group also has Beauville dimension 3. Thus, G and
H are the smallest groups with d = 3.

We conclude this section by pointing out a key difference between Beauville groups and
generalised Beauville groups with d > 2. By Definition 2, we know that finding a Beauville
structure for a group G is sufficient to establish that G is a Beauville group. Nevertheless,
a further distinction needs to be made for generalised Beauville structures obtained from
more than 2 pairs of generators.

Definition 5. Let G be a finite group. For n > 2, let S = {Σ1, . . . ,Σn} be a generalised
Beauville structure for G.

a) If there exists S ′ ⊂ S such that S ′ is also a generalised Beauville structure for G,
then S is a derived structure.

b) If there is no S ′ ⊂ S such that S ′ is also a generalised Beauville structure for G, then
S is a non-derived structure.
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c) If S is non-derived and there is no smaller generalised Beauville structure for G, then
S is a minimal structure.

Therefore, by Definition 3, only minimal structures determine the Beauville dimension of
a group.

This paper is organised as follows. In Section 2 we prove a number of general results
including a complete classification of abelian generalised Beauville groups. In Section 3 we
give tables displaying all generalised Beauville groups of orders from 1 to 1023. Finally in
Section 4 we give some open problems and further lines of research.

2 Results

In this section, we prove a number of fundamental results which provide the necessary
means to start classifying generalised Beauville groups and to construct further examples
whose orders are way beyond our computational constraints.

Theorem 2.1. Let G and H be finite groups such that gcd(|G|, |H|) = 1. For n > 2, let
d(G) = n, and let H be a Beauville group, that is, d(H) = 2. Then, the direct product
P = G×H has d(P ) = n.

Proof. First of all, the fact that gcd(|G|, |H|) = 1 guarantees that P too can be 2-generated.
Since d(G) = n, without loss of generality, we can find generating pairs {x1, y1}, {x2, y2},
. . ., {xn, yn} forG such that Σ(x1, y1)∩Σ(x2, y2)∩. . .∩Σ(xn, yn) is trivial. Similarly, asH is a
Beauville group, we can find generating pairs {u1, v1}, {u2, v2} such that Σ(u1, v1)∩Σ(u2, v2)
is trivial. Now, since gcd(|G|, |H|) = 1, for g1, g2 ∈ G and h1, h2 ∈ H we can find p, q ∈ P
such that p = (g1, h1), q = (g2, h2) and pq = (g1g2, h1h2). Then, Σ(p, q) =

⋃
(g, h) for all

g ∈ (gi1)
G ∪ (gi2)

G ∪ ((g1g2)
i)G for 1 ≤ i ≤ |G|, and all h ∈ (hj1)

H ∪ (hj2)
H ∪ ((h1h2)

j)H for
1 ≤ j ≤ |H|. Hence, Σ(p, q) contains Σ(g1, g2) and Σ(h1, h2). In particular, without loss of
generality, consider Σ(p1, q1), which contains Σ(x1, y1) and Σ(u1, v1), and Σ(p2, q2), which
contains Σ(x2, y2) and Σ(u2, v2). Clearly, the elements belonging to their intersection are
of the form (g, h), or (g, e), or (e, h) for any g ∈ Σ(x1, y1) ∩ Σ(x2, y2) and h ∈ Σ(u1, v1) ∩
Σ(u2, v2). However, H is a Beauville group, and so (e, h) = (e, e) and (g, h) = (g, e). Thus,
Σ(p1, q1) ∩ Σ(p2, q2) ∼= Σ(x1, y1) ∩ Σ(x2, y2). That is, non-empty intersections of sets Σ in
G map to isomorphic non-empty intersections of sets Σ in P , which also ensures that we
cannot have any values of d(P ) smaller than n. Therefore, d(P ) = n.

Example 2.2. Looking at the table in Section 3, we can easily spot SmallGroup(225, 6)
being the direct product of SmallGroup(9, 2) and SmallGroup(25, 2), or SmallGroup(675,
14) being the direct product of SmallGroup(25, 2) and SmallGroup(27, 3). Moreover, by [8],
the Suzuki group Sz(q) (where q is an odd power of 2) is a Beauville group. Hence, if we set
H = Sz(q) in Theorem 2.1 and take the direct product between H and SmallGroup(243, 4),
or SmallGroup(9, 2), then we obtain an infinite source of non-soluble generalised Beauville
groups with d = 3, or d = 4, respectively.
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We now consider lifts of generalised Beauville structures by extending a result proved in
[8, Lemma 4.2].

Definition 6. Let G be a group and N a normal subgroup of G. An element g ∈ G is
faithfully represented in G/N if 〈g〉 ∩N = 1, or, equivalently, if g has the same order in G
as its image in G/N . Accordingly, a triple in G is faithfully represented in G/N if each of
its elements is faithfully represented in G/N .

Lemma 2.3. Let G be a finite group with generating triples (xi, yi, zi) with xiyizi = 1 for
1 ≤ i ≤ n, and a normal subgroup N such that at least one of these triples is faithfully
represented in G/N . If the images of these triples correspond to a generalised Beauville
structure for G/N , then these triples correspond to a generalised Beauville structure for G.

Proof. Assume, without loss of generality, that the triple (x1, y1, z1) is faithfully represented
in G/N and that xj1 is conjugate in G to a power of xi, yi, or zi, for every i. Since the
quotient map is a homomorphism, the image of xj1 in G/N is conjugate in G/N to a power
of the image of xi, yi, or zi, for every i. Now, G/N is a generalised Beauville group, so this
image can only be the identity (which is only conjugate to itself, so also the image of xj1 is
the identity). Hence, xj1 ∈ N (as elements of G which map to the identity of G/N belong
to N). Moreover, by Definition 6, 〈xj1〉 ∩N = 1, which implies that xj1 = 1. Alternatively,
by the same definition, xj1 needs to have the same order in G. Therefore, there exists a
generalised Beauville structure for G.

Lemma 2.4. Let S be a generalised Beauville structure with n pairs of generators for a
group G (n ≥ 2). Then, 2 ≤ d(G) ≤ n.

Proof. If n = 2, then, by Definition 2, d(G) = 2, and so G is a Beauville group. Otherwise,
if n > 2, then we have to consider the three cases described in Definition 5. If S is
minimal, then d(G) = n, whereas if S is either a derived or a non-derived structure, then
2 ≤ d(G) ≤ n. Thus, combining these observations, we get that 2 ≤ d(G) ≤ n.

Corollary 2.5. Let G be a finite group which satisfies the conditions of Lemma 2.3. Then,
2 ≤ d(G) ≤ n.

Example 2.6. If we remove the relation (yx)3x3y3 from the presentation of SmallGroup(243,
4) given in Example 1.4, we obtain SmallGroup(729, 9). Since any minimal structure for
the first group can be lifted to a minimal structure for the second one, both groups have
the same Beauville dimension d = 3.

Example 2.7. Consider the groups G = SmallGroup(729, 34) and H = SmallGroup(81,
9), with the following presentations:

G = 〈x, y : x3 = y3 = (y2xy2x2)3 = (y2x2yx2)3

= (y2x2yx)3 = (y2x)2yx(yx2)2(yx)2 = 1〉,

H = 〈s, t : s3 = t3 = (st)3 = st2(st2s2t)2s2t = 1〉.
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Observe that H = G/N , where N ∼= C3 × C3 is the normal subgroup of G generated by
(yx)3 and yxy2x(yx2)3y2xy. Now, let v = (t2s)2 and w = ts(ts2)2. The quotient map
f : G→ H sends x to w and x2y to v. As it can be easily verified, the orders of x, x2y, y2

in G are the same as the orders of w, v, (wv)−1 in H: 3, 9, 3, respectively. Hence, the triple
T = {x, x2y, y2} is faithfully represented in H by the triple T ′ = {w, v, (wv)−1}. Moreover,
there exists at least one generalised Beauville structure S for H which has T ′ as one of its
four generating sets:

A′ = Σ(s, t),

B′ = Σ(t, w),

C ′ = Σ(t, v),

D′ = Σ(T ′).

By Lemma 2.3, we know there is a generalised Beauville structure S ′ with four generating
sets for G involving T as one of them. An example is

A = Σ(x, y),

B = Σ(x, xy),

C = Σ(y, x2y),

D = Σ(T ).

However, d(H) = 4, whereas d(G) = 2. Thus, by “lifting” a minimal structure, we have
obtained a non-derived one. This confirms that if we are not exclusively dealing with
Beauville groups, then Lemma 2.3 can only provide lower and upper bounds, not the exact
value of d.

Now, in order to classify all finite abelian generalised Beauville groups by proving the main
theorem of this section, we will use the following result from [2, Theorem 3.4] and [12,
Theorem 11.1].

Theorem 2.8. Let G be a finite abelian group. Then, G is a Beauville group if and only
if G ∼= Cn × Cn where n > 1 and gcd(n, 6) = 1.

The crucial part is then to show that for a finite abelian generalised Beauville group G
d(G) ∈ {2, 4}.

Theorem 2.9. Let H be a finite abelian group with d(H) > 2. Then, d(H) = 4 and
H = Cn×Cn×G, where n is a power of 3 and G is either the trivial group, or an abelian
Beauville group.

Proof. Suppose d(H) > 2. If H � Cn×Cn, then, by Theorem 2.8, H cannot be a Beauville
group. The result is proved in [12, Theorem 11.1] by showing that the intersection of all
possible sets Σ is non-trivial, which implies that H is not a generalised Beauville group
either. So, let H ∼= Cn × Cn. If n is even, then it is not difficult to verify that d(H) = 1.
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Hence, by this observation and Theorem 2.8, we may assume that n is an odd multiple of
3. If n = 3k, then H has exactly 8 elements of order 3 and precisely 6 of them are contained
in each set Σ (C3k has 2 elements of order 3, namely gl and g2l, for c generating the group
and l = 3k−1); accordingly, given that 4 is the smallest number of sets Σ we need to have
a trivial intersection, d(H) = 4 (see Example 1.3). Otherwise, n = 3kr for some r with
gcd(r, 6) = 1. Thus, H = C3k × C3k × G, where G is an abelian Beauville group of order
r2 (i.e., Cr × Cr). By Theorem 2.1, d(H) = 4. This completes the proof.

From Theorem 2.8 and the previous result, a complete classification of finite abelian groups
with respect to their Beauville dimension easily follows.

Corollary 2.10. Let G be a finite abelian group. Then, d(G) ∈ {1, 2, 4}. In particular,
- if d(G) = 1, then G is not a generalised Beauville group;
- if d(G) = 2, then G is a Beauville group;
- if d(G) = 4, then G is a generalised Beauville group of the form Cn × Cn ×H, where n
is a power of 3 and H is either the trivial group or an abelian Beauville group.

From the computational results given in the next section, we were also able to find a number
of non-abelian infinite families of generalised Beauville groups. The following is a typical
example.

Theorem 2.11. Let G be a finite group with structure C3 × (Cp : C3), where p is a prime
and p ≡ 1 (mod 3). Then, d(G) = 4.

Proof. The group G contains exactly p− 1 elements of order p, 2(p− 1) elements of order
3p, and 2(3p + 1) elements of order 3. There are in total p + 8 conjugacy classes: 1 for
the identity element, 1 for z ∈ G such that Z(G) = 〈z〉, 1 for z2, 6 each containing p
non-central elements of order 3, (p− 1)/3 with 3 elements of order p each, and 2(p− 1)/3
each with 3 elements of order 3p. We now show that G can only have precisely 4 sets Σ:

1. Σ1 contains all the elements of orders p and 3p, and 2(2p+ 1) elements of order 3;

2. Σ2 contains all the elements of orders p and 3p, and 2(2p+ 1) elements of order 3;

3. Σ3 contains all the elements of orders p and 3p, and 2(2p+ 1) elements of order 3;

4. Σ4 contains 6p elements of order 3.

Looking at all pairs of generators g1, g2 for G, there are only two possible combinations:

a) g1, g2 have both order 3 and do not belong to Z(G), in which case Σ(g1, g2) contains
6 conjugacy classes of elements of order 3 (6p elements), but no element from Z(G),
and hence Σ(g1, g2) = Σ4;

b) without loss of generality, g1 has order 3 and does not belong to Z(G), while g2 has
order 3p, so that Σ(g1, g2) contains the 7p − 1 elements given by all the conjugacy
classes with elements of order p and 3p, Z(G) (elements of order 3p power up to the
centre), and 4 conjugacy classes of generating elements of order 3, and thus there can
only be 3 such sets, i.e., Σ(g1, g2) ∈ {Σ1,Σ2,Σ3}.
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Having only 4 sets Σ, d(G) ≤ 4. Since each set Σ contains at least 4 of the 6 available
conjugacy classes of generating elements of order 3 and Z(G) ∈

⋂
1≤i≤3 Σi, d(G) /∈ {2, 3}.

However,
⋂

1≤i≤4 Σi = ∅, so d(G) 6= 1. Therefore, d(G) = 4.

Notice that in the above result we need the condition p ≡ 1 (mod 3) as we can find a
non-trivial homomorphisms to construct a semidirect product of the form Cn : Cm if and
only if gcd(φ(n),m) > 1. We also want p to be prime, because otherwise, as in the case of
C3× (C70 : C3), we might get a group with d = 1. Finally, observe that substituting 3 with
any other odd prime, we obtain a Beauville group.
With very similar arguments and techniques, it is not too difficult to show that , for k, n ∈ N
and primes p1, p2 ≡ 1 (mod 3), groups with structures A4×(Cp1 : C3), (Cp1×C3×C3) : C3),
(C3k × C3k) : C3, C3 × ((Cn × Cn) : C3), C9 × ((Cn × Cn) : C9), (Cp1 : C3) × (Cp2 : C3),
C3 × ((Cp1 × C2 × C2) : C3) have all d = 4.

3 Generalised Beauville Groups (orders 1-1023)

Relying on the results from the previous section, those proved in [1, 14], and our GAP
algorithms, we have scanned groups of size between 1 and 1023 (11759892 groups) searching
for generalised Beauville groups. Our findings can be reproduced and verified through the
following series of steps. Given a finite group G, we first check whether it is 2-generated (if
G is a p-group, we use the Frattini subgroup; if G is solvable, GAP has a built in method;
otherwise, we try all pairs of elements). If so, we then apply Definition 2 and for all pairs
of generators we obtain the corresponding sets Σ. Once we have the complete list, we look
at the intersection of all sets: if it contains at least one element other than the identity,
we discard the group; otherwise, we try increasing values of d (which means going through
the intersections of all possible combinations of d sets Σ, starting with d = 2) until we
hit a working set of d sets Σ. This in some cases involves ad hoc optimisation techniques.
Finally, to obtain actual structures for our more detailed examples, working sets Σ are
input to another algorithmic routine, which outputs either d working pairs, or even the
entire list of all possible structures if needed.
Notice that the algorithm used in [1] was specifically designed for Beauville p-groups: it
checked only for intersections between any two sets Σ by exploiting the way in which
generators of p-groups are stored in GAP; hence, it would have not been able to spot
higher values of d or Beauville non-p-groups. The full list we have obtained is presented in
the following tables (arranged by the values of d). Given any generalised Beauville group
G, the first column displays its coordinates in the Small Groups library (see [7]), while the
second provides its structure as saved in GAP.
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Generalised Beauville Groups with d = 2
SmallGroup Structure Description
(25, 2) C5 × C5

(49, 2) C7 × C7

(120, 34) S5

(121, 2) C11 × C11

(125, 3) (C5 × C5) : C5

(128, 36) (C2 × ((C4 × C2) : C2)) : C4

(168, 42) PSL3(2)
(169, 2) C13 × C13

(240, 90) SL2(5) : C2

(240, 91) A5 : C4

(240, 189) C2 × S5

(243, 3) (C3 × ((C3 × C3) : C3)) : C3

(256, 295) (C2 × (((C4 × C2) : C2) : C2)) : C4

(256, 298) (C2 × (((C4 × C2) : C2) : C2)) : C4

(256, 306) (((C4 × C2) : C4) : C2) : C4

(275, 3) C5 × (C11 : C5)
(289, 2) C17 × C17

(300, 22) C5 × A5

(320, 1635) ((C2 × C2 × C2 × C2) : C5) : C4

(324, 160) ((C3 × ((C3 × C3) : C2)) : C2) : C3

(336, 114) SL2(7)
(336, 208) PSL3(2) : C2

(336, 209) C2 × PSL3(2)
(343, 3) (C7 × C7) : C7

(360, 118) A6

(360, 119) C3 × S5

(360, 120) GL2(4) : C2

(361, 2) C19 × C19

(392, 39) C7 × ((C2 × C2 × C2) : C7)
(400, 213) C5 × ((C2 × C2 × C2 × C2) : C5)
(480, 218) GL2(5)
(480, 219) SL2(5) : C4

(480, 948) (SL2(5) : C2) : C2

(480, 950) C2 × (SL2(5) : C2)
(480, 951) (C2 × C2 × A5) : C2

(480, 952) C2 × (A5 : C4)
(504, 156) PSL2(8)
(504, 157) C3 × PSL3(2)
(512, 325) (((C4 × C2 × C2) : C4) : C2) : C4

(512, 335) ((C2 × (((C4 × C2) : C2) : C2)) : C2) : C4

(512, 351) (C2 × ((C4 × C2 × C2) : C4)) : C4

(512, 1572) ((C4 × C4) : C8) : C4

(512, 1574) (C4 × (C8 : C4)) : C4

(512, 1632) (C2 × ((((C4 × C2) : C2) : C2) : C2)) : C4

(512, 1634) (C2 × ((C4 × C4) : C4)) : C4

(512, 1637) (C2 × ((C4 × C4) : C4)) : C4

(512, 1641) ((C2.(((C4 × C2) : C2) : C2)
(512, 1642) (((C4 × C4) : C4) : C2) : C4

(512, 1643) ((C2 × ((C8 : C2) : C2)) : C2) : C4

(512, 1644) ((C2 × (((C4 × C2) : C2) : C2)) : C2) : C4

(512, 1649) (((C8 × C2) : C4) : C2) : C4

(529, 2) C23 × C23

(576, 8652) (A4 × A4) : C4

(600, 54) C5 × SL2(5)
(600, 145) (C5 × A5) : C2

(625, 2) C25 × C25

(625, 4) C25 : C25

(625, 7) (C5 × C5 × C5) : C5

Generalised Beauville Groups with d = 2
SmallGroup Structure Description
(640, 787) (C10 × ((C4 × C2) : C2)) : C4

(640, 21454) C2.(((C2 × C2 × C2 × C2) : C5) : C4)
(640, 21455) (((C2 ×Q8) : C2) : C5) : C4

(640, 21456) ((C2 × C2 × C2 × C2) : C5) : C8

(640, 21536) C2 × (((C2 × C2 × C2 × C2) : C5) : C4)
(660, 13) PSL2(11)
(672, 1043) PSL3(2) : C4

(672, 1044) SL2(7) : C2

(672, 1046) C4 × PSL3(2)
(672, 1048) C2 × SL2(7)
(672, 1254) C2 × (PSL3(2) : C2)
(672, 1255) C2 × C2 × PSL3(2)
(720, 409) SL2(9)
(720, 411) C3 × (SL2(5) : C2)
(720, 412) C3 × (A5 : C4)
(720, 413) GL2(4) : C4

(720, 415) (C3 × SL2(5)) : C2

(720, 763) S6

(720, 764) A6 : C2

(720, 766) C2 × A6

(720, 767) S5 × S3

(720, 769) C6 × S5

(720, 770) C2 × (GL2(4) : C2)
(729, 34) ((C3 × C3 × C3 × C3) : C3) : C3

(729, 37) (C3 × ((C9 × C3) : C3)) : C3

(729, 40) (C3 × ((C9 × C3) : C3)) : C3

(775, 3) C5 × (C31 : C5)
(800, 1065) C5 × (((C2 ×Q8) : C2) : C5)
(841, 2) C29 × C29

(864, 2666) ((C2 × ((C3 × C3) : C4)) : C4) : C3

(864, 4445) C6 × S3 × SL2(3)
(864, 4665) C2 × C2 × (((C3 × C3) : Q8) : C3)
(864, 4680) A4 × A4 × S3

(900, 88) C15 × A5

(960, 639) SL2(5) : C8

(960, 5693) C2 ×GL2(5)
(960, 5694) GL2(5) : C2

(960, 5699) (C4 × SL2(5)) : C2

(960, 5704) (C4 × SL2(5)) : C2

(960, 5709) (C2 × (SL2(5) : C2)) : C2

(960, 5710) (SL2(5) : C4) : C2

(960, 5711) (SL2(5) : C4) : C2

(960, 5712) SL2(5) : Q8

(960, 5716) ((SL2(5) : C2) : C2) : C2

(960, 5719) ((SL2(5) : C2) : C2) : C2

(960, 5721) (C2 × (A5 : C4)) : C2

(960, 5723) (C2 × C2 × SL2(5)) : C2

(960, 5724) C2 × (SL2(5) : C4)
(960, 5725) (SL2(5) : C4) : C2

(961, 2) C31 × C31

(972, 138) (C2 × C2 × ((C9 × C3) : C3)) : C3

(972, 757) ((C3 × ((C3 × C3) : C2)) : C2) : C9

(972, 877) C3 × (((C3 × ((C3 × C3) : C2)) : C2) : C3)
(1008, 517) C3 × SL2(7)
(1008, 881) (C3 × PSL3(2)) : C2

(1008, 882) C3 × (PSL3(2) : C2)
(1008, 883) S3 × PSL3(2)
(1008, 884) C6 × PSL3(2)
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Generalised Beauville Groups with d = 3
SmallGroup Structure Description
(243, 4) (C3 × (C9 : C3)) : C3

(243, 13) ((C9 × C3) : C3) : C3

(432, 623) C3 × S3 × SL2(3)
(432, 735) C2 × (((C3 × C3) : Q8) : C3)
(432, 749) A4 × S3 × S3

(432, 763) C6 × A4 × S3

(729, 9) (C3 × ((C9 × C3) : C3)) : C3

(729, 35) ((C3 × (C9 : C3)) : C3) : C3

(729, 38) (C3 × (C3.((C3 × C3) : C3)
(729, 41) (C3 × (C3.((C3 × C3) : C3)
(729, 44) ((C9 : C9) : C3) : C3

(729, 45) ((C9 : C9) : C3) : C3

(729, 48) ((C9 × C3) : C9) : C3

(729, 65) (((C9 × C3) : C3) : C3) : C3

(729, 68) (((C9 × C3) : C3) : C3) : C3

(729, 87) (C3 × (C9 : C9)) : C3

(864, 4186) (C3 × S3 × SL2(3)) : C2

(864, 4187) (C3 × S3 × SL2(3)) : C2

(864, 4446) C3 × ((C6 × SL2(3)) : C2)
(864, 4449) C3 × ((S3 × SL2(3)) : C2)
(864, 4708) C3 × C3 × (((C2 × C2 × C2 × C2) : C3) : C2)
(960, 5696) C4 × (SL2(5) : C2)
(960, 5707) (C2 × C2).(C2 × S5)
(972, 135) (C2 × C2 × ((C9 × C3) : C3)) : C3

(972, 141) (C2 × C2 × ((C9 × C3) : C3)) : C3

(972, 179) (C2 × C6 × ((C3 × C3) : C3)) : C3

(972, 183) (C2 × C6 × (C9 : C3)) : C3

Generalised Beauville Groups with d = 4
SmallGroup Structure Description
(9, 2) C3 × C3

(27, 3) (C3 × C3) : C3

(36, 11) C3 × A4

(63, 3) C3 × (C7 : C3)
(81, 2) C9 × C9

(81, 4) C9 : C9

(81, 9) (C9 × C3) : C3

(108, 22) (C6 × C6) : C3

(117, 3) C3 × (C13 : C3)
(144, 68) C3 × ((C4 × C4) : C3)
(144, 156) C6 × SL2(3)
(144, 184) A4 × A4

(144, 193) C2 × C6 × A4

(171, 4) C3 × (C19 : C3)
(189, 8) (C21 × C3) : C3

(225, 5) C3 × ((C5 × C5) : C3)
(225, 6) C15 × C15

(243, 2) (C9 × C3) : C9

(243, 9) (C3 × C3).((C3 × C3) : C3)
(243, 14) (C9 × C3) : C9

(243, 26) (C9 × C9) : C3

(243, 28) (C9 : C9) : C3

(252, 27) A4 × (C7 : C3)
(252, 40) C3 × ((C14 × C2) : C3)
(279, 3) C3 × (C31 : C3)
(288, 230) C3 × (((C4 × C2) : C4) : C3)
(288, 859) A4 × SL2(3)
(288, 981) C2 × C6 × SL2(3)
(288, 985) C3 × ((C2 × SL2(3)) : C2)
(288, 1029) C2 × A4 × A4

(324, 46) C9 × ((C2 × C2) : C9)
(324, 47) ((C2 × C2) : C9) : C9

(324, 48) (C18 × C2) : C9

(324, 50) (C18 × C6) : C3

(324, 54) (C2 × C2 × ((C3 × C3) : C3)) : C3

(333, 4) C3 × (C37 : C3)
(351, 8) (C39 × C3) : C3

(387, 3) C3 × (C43 : C3)
(432, 103) (C12 × C12) : C3

(432, 336) C2 × ((C3 × C3 ×Q8) : C3)
(432, 526) (C2 × C6 × A4) : C3

(432, 550) C2 × C2 × ((C6 × C6) : C3)
(441, 3) C3 × (C49 : C3)
(441, 9) (C7 : C3)× (C7 : C3)
(441, 12) C3 × ((C7 × C7) : C3)
(441, 13) C21 × C21

(468, 32) A4 × (C13 : C3)
(468, 49) C3 × ((C26 × C2) : C3)
(504, 158) C3 × (((C2 × C2 × C2) : C7) : C3)
(513, 9) (C57 × C3) : C3

(549, 3) C3 × (C61 : C3)
(567, 8) C9 × (C7 : C9)
(567, 9) (C7 : C9) : C9

(567, 10) C63 : C9

(567, 11) C63 : C9

(567, 13) (C63 × C3) : C3

(567, 17) (C3 × (C7 : C9)) : C3
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Generalised Beauville Groups with d = 4
(576, 1070) C3 × ((C8 × C8) : C3)
(576, 3609) C6 × (((C4 × C2) : C4) : C3)
(576, 3615) C3 × (((C2 × C2 ×Q8) : C3) : C2)
(576, 3617) C3 × ((((C4 × C2) : C4) : C3) : C2)
(576, 3618) C3 × ((((C4 × C2) : C4) : C3) : C2)
(576, 3621) C3 × ((((C2 ×D8) : C2) : C3) : C2)
(576, 5127) A4 × ((C4 × C4) : C3)
(576, 5128) SL2(3)× SL2(3)
(576, 5129) ((((C2 × C2 × C2 × C2) : C3) : C2) : C2) : C3

(576, 7412) C2 × C6 × ((C4 × C4) : C3)
(576, 7417) C12 × (SL2(3) : C2)
(576, 7418) C3 × ((C4 × SL2(3)) : C2)
(576, 7420) C6 × (((C2 × C2 × C2 × C2) : C3) : C2)
(576, 7421) C6 × (((C4 × C4) : C3) : C2)
(576, 7422) C6 × (((C4 × C4) : C3) : C2)
(576, 7423) C3 × ((C2 × C2 × SL2(3)) : C2)
(576, 7424) C3 ×D8 × SL2(3)
(576, 7428) C3 × ((((C4 × C4) : C3) : C2) : C2)
(576, 7429) C3 × ((((C2 × C2 × C2 × C2) : C3) : C2) : C2)
(576, 8357) C2 × A4 × SL2(3)
(576, 8360) ((((C2 ×D8) : C2) : C3) : C3) : C2

(576, 8662) C2 × C2 × A4 × A4

(576, 8664) (C2 × C2 × ((C2 × C2 × C2 × C2) : C3)) : C3
(603, 3) C3 × (C67 : C3)
(657, 4) C3 × (C73 : C3)
(675, 12) (C15 × C15) : C3

(675, 14) C5 × C5 × ((C3 × C3) : C3)
(684, 32) A4 × (C19 : C3)
(684, 45) C3 × ((C38 × C2) : C3)
(711, 3) C3 × (C79 : C3)
(729, 2) C27 × C27

(729, 3) C27 : C27

(729, 10) ((C9 × C3) : C3) : C9

(729, 12) (C3 × (C9 : C3)) : C9

(729, 22) C27 : C27

(729, 24) (C9 × C9) : C9

(729, 26) (C9 × C3 × C3) : C9

(729, 30) (C9 × C9) : C9

(729, 46) C3.((C3 × (C9 : C3)) : C3)
(729, 47) C3.((C3 × (C9 : C3)) : C3)
(729, 50) (C3 × C3).((C9 × C3) : C3)
(729, 52) (C3 × C3).((C9 × C3) : C3)
(729, 56) C3.((C3 × C3).((C3 × C3) : C3)
(729, 57) C3.((C3 × C3).((C3 × C3) : C3)
(729, 66) (C9 × C3 × C3) : C9

(729, 69) (C3 × (C9 : C3)) : C9

(729, 72) (C9 × C9) : C9

(729, 73) (C9 × C9) : C9

(729, 75) (C9 : C9) : C9

(729, 78) (C9 × C9) : C9

(729, 85) (C3.((C3 × C3) : C3)
(729, 89) (C3.((C3 × C3) : C3)
(729, 95) (C27 × C9) : C3

(756, 64) (C2 × C6 × (C7 : C3)) : C3

(756, 117) (C42 × C6) : C3

(819, 6) (C7 : C3)× (C13 : C3)
(819, 9) C3 × (C91 : C3)

Generalised Beauville Groups with d = 4
(819, 10) C3 × (C91 : C3)
(837, 8) (C93 × C3) : C3

(864, 307) (C3 × C3 × ((C4 × C2) : C4)) : C3

(864, 2245) (C2 × C6 × SL2(3)) : C3

(864, 2537) C2 × C2 × ((C3 × C3 ×Q8) : C3)
(864, 2547) (C2 × ((C3 × C3 ×Q8) : C3)) : C2

(864, 4003) C2 × ((C2 × C6 × A4) : C3)
(864, 4189) S3 × S3 × SL2(3)
(873, 3) C3 × (C97 : C3)
(900, 98) A4 × ((C5 × C5) : C3)
(900, 140) C5 × C15 × A4

(900, 141) C3 × ((C10 × C10) : C3)
(927, 3) C3 × (C103 : C3)
(972, 122) (C18 × C18) : C3

(972, 128) (C2 × C2) : ((C3 × C3).((C3 × C3) : C3)
(972, 131) (C3 × ((C2 × C2) : C9)) : C9

(972, 143) (C2 × C2 × (C9 : C9)) : C3

(972, 159) (C2 × C2 × ((C9 × C3) : C3)) : C3

(972, 160) (C2 × C2 × ((C9 × C3) : C3)) : C3

(972, 164) (C2 × C2 × (C3.((C3 × C3) : C3)
(972, 171) (C18 × C6) : C9

(972, 173) (C18 × C6) : C9

(972, 176) (C3 × (((C2 × C2) : C9) : C3)) : C3

(972, 186) ((C3 × ((C2 × C2) : C9)) : C3) : C3

(981, 4) C3 × (C109 : C3)
(999, 9) (C111 × C3) : C3

(1008, 242) (C7 : C3)× ((C4 × C4) : C3)
(1008, 409) C3 × ((C28 × C4) : C3)
(1008, 525) ((C7 : C3) : C2)× SL2(3)
(1008, 555) C2 × ((C7 : C3)× SL2(3))
(1008, 671) C3 × (((C7 ×Q8) : C3) : C2)
(1008, 824) C6 × ((C7 ×Q8) : C3)
(1008, 887) C6 × (((C2 × C2 × C2) : C7) : C3)
(1008, 890) C2 × (A4 × ((C7 : C3) : C2))
(1008, 909) C2 × C2 × (A4 × (C7 : C3))
(1008, 912) A4 × ((C14 × C2) : C3)
(1008, 913) (C2 × C2 × ((C14 × C2) : C3)) : C3

(1008, 932) C6 × (((C14 × C2) : C3) : C2)
(1008, 946) C2 × C6 × ((C14 × C2) : C3)
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4 Conclusion

The groups displayed in the above tables have brought a significant number of patterns
to our attention and opened a lot of interesting questions. In particular, there are several
problems regarding non-abelian generalised Beauville groups which still need to be solved.
The following list represents an attempt to capture the main ones.

Problem 4.1. Can we have a finite group G with d(G) > 4?

Problem 4.2. If the answer to Problem 4.1 is yes, is there a maximum value for d?

Considering most of the examples given in this note, the obvious approach to groups with
d > 2 would be to try and prove that they must contain a copy of C3×C3, whose structures
can either be lifted, or play a nice role as in Theorem 2.11. However, as we can see in one
of the tables in Section 3, groups such as SmallGroup(960, 5696) have Beauville dimension
d = 3 even though their order is not divisible by 9. Yet, in our computations we could not
find any generalised Beauville group with d > 2 whose order is not divisible by 3. Hence,
we are still left with the next two problems.

Problem 4.3. Can we have d > 2 for finite groups whose order is not divisible by 3?

Problem 4.4. If the answer to Problem 4.3 is no, can we explain why that would be the
case?

Wider research perspectives which are currently under exploration include:

1. asymptotic results on the distribution of generalised Beauville groups similar to those
obtained in [1, Corollary 1.5];

2. automorphisms of generalised Beauville varieties (see [11]);

3. additional properties of generalised Beauville structures such as strongly real (for
i = 1, 2, we say that a Beauville group G and its structure X = {xi, yi} are strongly
real if there exists an automorphism φ ∈ Aut(G) and elements gi ∈ G such that
giφ(xi)g

−1
i = x−1i and giφ(yi)g

−1
i = y−1i ), or mixed (where the curves are transposed

by elements of the group and more specific restrictions apply).
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