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Abstract

We aim to determine which temporal instance queries can be
uniquely characterised by a (polynomial-size) set of positive
and negative temporal data examples. We start by consider-
ing queries formulated in fragments of propositional linear
temporal logic LTL that correspond to conjunctive queries
(CQs) or extensions thereof induced by the until operator. Not
all of these queries admit polynomial characterisations but
by restricting them further to path-shaped queries we iden-
tify natural classes that do. We then investigate how far the
obtained characterisations can be lifted to temporal knowl-
edge graphs queried by 2D languages combining LTL with
concepts in description logics £L£ or ELT (i.e., tree-shaped
CQs). While temporal operators in the scope of description
logic constructors can destroy polynomial characterisability,
we obtain general transfer results for the case when descrip-
tion logic constructors are within the scope of temporal op-
erators. Finally, we apply our characterisations to establish
(polynomial) learnability of temporal instance queries using
membership queries in the active learning framework.

1 Introduction

Constructing queries or, more generally, logical concepts
describing individuals of interest, can be difficult. Pro-
viding support to a user to cope with this problem has
been a major research topic in databases, logic, and knowl-
edge representation. For instance, in reverse engineering of
database queries and concept descriptions (Martins 2019;
Lehmann and Hitzler 2010; Jung et al. 2020), one aims to
identify a query using a set of positively and negatively la-
belled examples of answers and non-answers, respectively;
and in active learning approaches, one aims to identify a
query by asking an oracle (e.g., domain specialist) whether
an example is an answer or a non-answer to the query (An-
gluin, Frazier, and Pitt 1992; Funk, Jung, and Lutz 2021;
ten Cate and Dalmau 2021).

Recently, the wunique characterisation of a query by a
finite (ideally, polynomial-size) set of positive and nega-
tive example answers has been identified as a fundamental
link between queries and data (ten Cate and Dalmau 2021).
Namely, we say that a query q fits a pair E = (ET, E~) of
sets ET and E~ of pointed databases (D, a) if D = q(a)
for (D,a) € E*, and D |~ q(a) for (D,a) € E~. Then E
uniquely characterises q within a class Q of queries if q is
the only (up to equivalence) query in Q that fits F.

Unique (polynomial) characterisations can be used to il-
lustrate, explain, and construct queries. They are also a ‘non-
procedural’ necessary condition for (polynomial) learnabil-
ity using membership queries in Angluin’s (1987b) frame-
work of active learning, where membership queries to the
oracle take the form ‘does D |= q(a) hold?’. It is shown by
ten Cate and Dalmau (2021) that, for classes of conjunctive
queries (CQs), it is often a sufficient condition as well.

In many applications, queries are required to capture the
temporal evolution of individuals, making their formulation
even harder. The aim of this paper is to start an investigation
of the (polynomial) characterisability of temporal instance
queries. We first consider one-dimensional data instances of
the form (dy, ..., d,), where d; is the set of atomic propo-
sitions that are true at timestamp %, describing the temporal
behaviour of a single individual, and queries formulated in
fragments of propositional linear temporal logic LTL. Al-
though rather basic as a temporal data model, this restric-
tion allows us to focus on the purely temporal aspect of
unique characterisability. We then generalise our results,
where possible, to standard two-dimensional temporal data
instances, in which the d; are replaced by non-temporal data
instances and queries are obtained by combining fragments
of LTL with £LZ-concept queries (or tree-shaped CQs),
thereby combining a well established formalism for access-
ing temporal data (Chomicki and Toman 2018) with the ba-
sic concept descriptions for tractable data access from de-
scription logic (Baader et al. 2017).

Our initial observation is that already very primitive tem-
poral queries are not uniquely characterisable. For example',
consider the query g = ¢.(AA B) with the operator ¢, ‘now
or later’ (interpreted by < over linearly ordered timestamps).
By the pigeonhole principle, no finite example set £ can dis-
tinguish ¢ from a query ¢’ = O, (AA (O:BAO(AN...)))
with sufficiently many alternating A and B. Similarly, the
query g = OA with the ‘next time’ operator O is not distin-
guishable by a finite example set fromq’ = (O...OA)U A
with the strict ‘until’ operator U and sufficiently many O on
its left-hand side.

Aiming to identify natural and useful classes of tempo-
ral queries enjoying (polynomial) characterisability, in this

"For detailed explanations and omitted proofs, the reader is re-
ferred to the full Arxiv version (Fortin et al. 2022b) of this paper.



paper we consider the conjunctive fragment of LTL. To be-
gin with, we focus on two classes of path CQs: the class
9,10, Or] of queries of the form

q = poNoi(pr Noa(p2 A=+ N onpn)), (D

where o, € {O, .} and p; is a conjunction of atomic propo-
sitions, and also the class QF [U] of U-queries of the form

q :po/\(/\l u (Pl A\ (>\2 U (()\n Upn)'“))))a (2)

where )\; is a conjunction of atoms or L. The superscript
o in Q7 [U] indicates that queries are formulated in a finite
signature o, a condition required because of the universal
quantification implicit in U. Our first main result is a syntac-
tic criterion of (polynomial) characterisability of Q,[O, Or]-
queries. In fact, it turns out that the query ¢,.(A A B) men-
tioned above epitomises the cause of non-characterisability
in 9,0, ¢;]. It follows, in particular, that the restriction
9,[0, O] of Q,[0, O] to queries with O and strict eventu-
ality O = OQ, is polynomially characterisable. Our second
main result is that all Qg [U]-queries with C-incomparable
\; and p;, for each ¢, are polynomially characterisable within
Q7 [U]. Although we show that all Q7 [U]-queries are expo-
nentially characterisable, it remains open whether they are
polynomially characterisable in Q7 [U].

The essential property that distinguishes Q,[O, O] and
Q7 [U] from other queries is that they do not admit temporal
branching as, for instance, in 0A A ¢B. In fact, we show
that even within the class of queries using only A and ¢ and
with a bound on the number of branches, not all queries are
polynomially characterisable. A first step towards positive
results covering non-path queries is made for the case of
queries in which all branches are of equal length.

Our next aim is to generalise the obtained results to 2D
temporal queries combining LTL with the description logic
constructor 3P of £LZ. Our first main result is nega-
tive: even queries of the form 3P.q; A --- A 3P.q,, in
which q; € 9, [O, O], are not polynomially characterisable.
The situation changes drastically, however, if we consider
queries of the form (1) or (2), in which p; and \; are ELZ-
queries. Indeed, we generalise our polynomial characteris-
ability results for Q,[O, ¢;] and Qj [U] to such queries using
recent results on the computation of frontiers in the lattice of
E LT-queries (ten Cate and Dalmau 2021) and proving a new
result on split partners in the lattice of ££-queries (where
EL denotes £LT without inverse roles).

Finally, we discuss applications of our results to learn-
ing temporal instance queries using membership queries of
the form ‘does D |= g hold?. As we always construct ex-
ample sets effectively, our unique (exponential) character-
isability results imply (exponential-time) learnability with
membership queries. Obtaining polynomial-time learnabil-
ity from polynomial characterisations is more challenging.
A main result here is that Q,[O, ¢r] with ELZ-queries is
polynomial-time learnable with membership queries, as-
suming the learner is given the target query size in advance.

2 Related Work

Our contribution is closely related to work on active learn-
ability of formal languages and on learning temporal logic

formulas interpreted over finite and infinite traces. It is
also related to learning database queries and other for-
mal expressions for accessing data. In the former area,
the seminal paper by Angluin (1987a) has given rise to
a large body of work on active learning of regular lan-
guages or variations, for example, (Shahbaz and Groz 2009;
Aarts and Vaandrager 2010; Cassel et al. 2016; Howar and
Steffen 2018). This work has mainly focused on learn-
ing various types of finite state machines or automata using
a combination of membership queries with other powerful
types of queries such as equivalence queries. The use of
two or more types of queries is motivated by the fact that
otherwise one cannot efficiently learn a wide variety of im-
portant languages, including regular languages. In fact, the
main difference between this work and our contribution is
that we focus on queries for which the corresponding formal
languages form only a small subset of the regular languages
and it is this restriction that enables us to focus on character-
isability and learnability with membership queries.

Rather surprisingly, there has hardly been any work on
active learning of temporal formulas over finite or infi-
nite traces; we refer the reader to (Camacho and Mcll-
raith 2019), also for a discussion of the relationship be-
tween learning automata and LTL-formulas. In contrast,
passive learning of LTL-formulas has recently received sig-
nificant attention; see (Lemieux, Park, and Beschastnikh
2015; Neider and Gavran 2018; Fijalkow and Lagarde 2021;
Fortin et al. 2022a) and, in the context of explainable Al,
also (Camacho and Mcllraith 2019) for an overview.

In the database and KR communities, there has been ex-
tensive work on identifying queries and concept descrip-
tions from data examples. For instance, in reverse engi-
neering of queries, the goal is typically to decide whether
there is a query that fits (or separates) a set of positive
and negative examples. Relevant work under the closed
world assumption include (Arenas and Diaz 2016; Bar-
cel6 and Romero 2017) and under the open world assump-
tion (Gutiérrez-Basulto, Jung, and Sabellek 2018; Funk et
al. 2019). Related work on active learning not yet discussed
include the identification of £L-queries (Funk, Jung, and
Lutz 2021) and ontologies (Konev, Ozaki, and Wolter 2016;
Konev et al. 2017), and of schema-mappings (ten Cate, Dal-
mau, and Kolaitis 2013; ten Cate et al. 2018). Again this
work differs from our contribution as it focuses on learning
using membership and equivalence queries rather than only
the former. The use of unique characterisations to explain
and construct schema mappings has been promoted and in-
vestigated by Kolaitis (2011) and Alexe et al. (2011).

Combining LTL and description logics for temporal con-
ceptual modelling and data access has a long tradition (Lutz,
Wolter, and Zakharyaschev 2008; Artale et al. 2017). For
querying purposes, sometimes description logic concepts
have been replaced by general CQs. Our restriction to EL£Z-
concepts instead of general CQs is motivated by results
of (ten Cate and Dalmau 2021) showing that only CQs that
are acyclic modulo cycles through the answer variables are
polynomially characterisable within the class of CQs. Hence
very strong acyclicity conditions are needed to ensure poly-
nomial characterisability. We conjecture that our results can



be extended to this class.

The class of queries in which no 3P is within the scope
of temporal operators was first introduced by (Baader, Borg-
wardt, and Lippmann 2015; Borgwardt and Thost 2015) in
the context of monitoring applications. The Ics and msc in
temporal DLs are considered by Tirtarasa and Turhan 2022.

3 Preliminaries

By a signature we mean any finite set ¢ # 0 of atomic
concepts A, B,C, ... representing observations, measure-
ments, events, etc. A o-data instance is any finite sequence
D = (do,...,0,) with §; C o, saying that A € ¢; happened
at moment i. The length of D is max(D) = n and the size
of Dis |D| = E;<,|d;|. We do not distinguish between D
and its variants of the form (do, ..., d,,0,...,0).

We access data by means of queries, q, constructed from
atoms, | and T using A and the temporal operators O, ¢,
and U. The set of atomic concepts occurring in q is denoted
by sig(q). The set of queries that only use the operators
from ® C {O, 0,0, U} is denoted by Q[®]; Q7[P] is the
restriction of Q[®] to a signature . The size |q| of g is the
number of symbols in g, and the femporal depth tdp(q) of q
is the maximum number of nested temporal operators in q.

Q[0O, ¢, Or]-queries can be equivalently defined as tree-
shaped conjunctive queries (CQs) with the binary predicates
suc, <, < over N, and atomic concepts as unary predicates.
Each such CQ is a set () of assertions of the form A(t),
suc(t,t’),t < t',and ¢t < ¢/, with a distinguished variable ¢,
such that, for every variable ¢ in Q(t(), there exists exactly
one path from ¢ to ¢ along the binary predicates suc, <, <.

The set of Q[O, O, ¢r]-queries with path-shaped CQ
counterparts is denoted by Q,[O, 0, 0;]. Such queries g
take the form (1), where o; € {O, 0, (.} and p; is a con-
junction of atoms (the empty conjunction is T). Similarly,
Q,[U]-queries take the form (2).

Given a data instance D = (dy, . . . , 0y, ), the truth-relation
D, !l |= q, for £ < w, is defined as follows:

DUEAf Acs, DUIET, DUlEL,

D,t=q, Nqyiff D,{ |=q, and D, ¢ = q,

D,l}=Oq iff D,(+1|q,

D, ¢ = Oq iff D,m = q, for some m > ¢,

D,t = Orq iff D,m = q, for some m > ¢,

D,l = q, Ugq, iff thereism > ¢suchthat D,m |= q,
and D,k = qq, forall k with ¢ < k < m.

Note that D,n = 0T AOTA(qUT) as (6o, ..., 0, 0) isa

variant of D. We write q = q' if D, ¢ = g implies D, ¢ = ¢’

forany D and ¢. If ¢ = ¢’ and ¢’ |= g, we call g and ¢’

equivalent and write ¢ = q’. Since Og = 1 Uq, ¢g = TUq

and 0g = OQ,q, one can assume that Q[O, ¢] C QJ[U],

Q[Q] - Q[O7 <>7‘] and Q[O» <>r] = Q[O, <>’l‘7 <>]

4 Unique Characterisability

An example set is a pair E = (E*, E™) with finite sets £
and E~ of data instances that are called positive and nega-
tive examples, respectively. A query q fits Eif DV,0 = g

and D~,0 £ g, forall DT € ET and D~ € E~. We say
that E uniquely characterises q within a class Q of queries if
q fits ' and g = ¢’ for any ¢’ € Q that fits E. If all ¢ € Q
are characterised by some F within @' O Q, we call Q
uniquely characterisable within Q’. Further, Q is polynomi-
ally characterisable within @' O Q if there is a polynomial
f such that every q € Q is characterised within Q' by some
E of size |E| < f(|ql), where |E| = Ypegtup-)|D|. Let
Q" be the set of queries in Q of size at most n. We say that
Q is polynomially characterisable for bounded query size if
there is a polynomial f such that every g € Q™ is charac-
terised by some F of size < f(n) within Q.

Observe that (polynomial) characterisability is anti-

monotone: if a query q is (polynomially) characterisable
within @ and @' C Q, then g is (polynomially) char-
acterisable within @’. In counterexamples to characteris-
ability, we therefore only provide the smallest natural class
of queries within which non-characterisability holds. The
following examples illustrate (non-)characterisability within
the classes Q,[0r] and Q,[O, O, ].
Example 1. (i) Recall from Section 1 that {,.(A A B) is not
uniquely characterisable within Q,[0,]. The same argument
shows non-characterisability of O(A A B) within Q,[0r, O].
On the other hand, the query O(A A B) is characterised
within Q,[0, O] by the example set with positive exam-
ples (0,{A, B}) and (0,0, {A, B}) and negative examples
(@, {A}) and (0, {B}).

(74) The conjunction of atoms does not always lead to
non-characterisability within classes of queries with <),.. For
example, ¢ = O,(A A O(A A B)) is characterised within
Q,[0,¢r] by E = (E*,E7) in which E* contains two
data instances ({A}, {A, B}) and (0, {A},{A, B}) and E~
also two instances:

0,0,{A, B}), (0,{A},{A},{B},{4,B}).

The intuition here is that some instances from E~ have to
satisfy the query ¢r.(A A O(B A Or(A A B))) as well as the
query Or(AANO(A A O-(AN B))).

(#4i) While the query O,(A A B) from (4) is not charac-
terisable, there is a polynomial f such that, for all n € N,
it is characterisable within Q; [O, Or] by some E,, of size

< f(n). Namely, we take E+ = {({4, B}),(0,{A, B})}
and E- = {({A},{B},...,{4},{B})}.

n times
Observe that one can always separate ¢ € Q[O, ¢,] from
any other ¢’ € Q[O, ¢,] with sig(q’) 2 sig(q) = o using
the positive example (o, . . ., o) with tdp(q)+ 1-many copies
of 0. One can therefore focus on characterisability within
the relevant class of queries over the same signature as the
input query. However, this is not the case for Q[U]:

Example 2. The query ¢ = L. U A = OA is not uniquely
characterisable within Q,[U]. Indeed, suppose q fits E and
o comprises all atoms occurring in E. Then D,0 = C U A
iff D,0 = OA, for all D in F and C ¢ o, and so F
does not characterise g. On the other hand, for the signature
o = {A, B}, the query q is characterised within Q¢ [U] by
the example set (E™, E7) in which Et = {(0,{A})} and
E- ={(0,{B},{A})}as AUA=(AAB)UA = 0OA.




As noted in Section 1, L U A is not uniquely character-
isable within Q{4}[U] because of nested U-operators on the
left-hand side of U. This observation prompts us to consider
the subclass Q7 [U] of Q7[U]-queries g in which any sub-
query ¢’ U " does not contain occurrences of U in q’. Note
that Q7[U] € Q7 [U]. We show that Q7 [U] is uniquely char-
acterisable. To simplify notation, we give o-data instances
as words over the alphabet 27 using the standard notation
of regular languages. Instead of D,0 = q we simply write
D [= q. By the semantics of U, for any g € Q7 [U], we have

ol | q ford < wdp(q), o®=q ford>tdp(q) (3)

where 0 is a word with d-many o. Note also that there are

finitely-many, say N4 < w, pairwise non-equivalent queries
of any depth d < w in Q7 (U).

Lemma3. Ifq,q' € Q% [U] are of depth d and q {£= q', then
there is D such that max(D) < Ny, D = qand D I~ ¢'.

Proof. Consider D of minimal length such that D |= g and
D - q'. Let tp(i) comprise all of the subqueries s of g and
¢’ with D, i |= s. By the choice of D, we have (i) # p(j)
for any distinct 4, j € [0, max(D)] (otherwise we could cut
the interval [4, j) out of D to obtain a shorter instance sepa-
rating g from q"). It follows that max(D) < Ng. a

Theorem 4. For any o, Q° [U] is uniquely characterisable.
Proof. Any q € Q7 (U) is uniquely characterised by E with
E* ={D E q | max(D) < Nyp(q) },

E™ ={D ¥ q | max(D) < Nyy(q)}-

Indeed, let ¢" € Q7 (U) fit E. Then tdp(q’) = tdp(q) by
(3), and so ¢ = q' by Lemma 3. Qa

It follows from the proof that Q[O, {] is uniquely charac-
terisable as well.

5 Characterisability in Q,[0, ¢, ]

In this section, we prove a criterion of (polynomial) unique
characterisability of queries within Q,[O, {,]. The crite-
rion is applicable to Q,, [0, ¢, Or]-queries in a normal form,
which is defined and illustrated below.

Example 5. It is readily checked that the Q,[O, Or]-query
q = OO, OO0 (AANBACAG(BAO-(BAC))) is equivalent
to the Q,[0, 0, Or]-query g7 = OO(AA B AC).

We define the normal form for Q,[O, ¢, {,]-queries rep-
resented as a first-order CQ by a list of atoms. For example,
the query g above is given by the CQ

q”f(to) =ty <11,01 < tQ,A(tQ), B(fg), C(fg)

with one free (answer) variable ¢y and existentially quanti-
fied ¢1 and 5. In general, any ¢ € Q,[O, O, Oy is repre-
sented as a CQ

pO(tO)a Rl(tht1)7 e 7pn71(tn71)7 Rn(tnfhtn)apn(tn)v

where p; is a set of atoms, p;(t;) = {A(¢;) | A € p;} and
R; € {suc, <, <}. We divide q into blocks q; such that

q=qyR1q; ... Ruq, 4

with R; = Ri(t,1}) ... Rl (th, 1, th,.), for R: € {<, <},
a; = p(s0)suc(so, s1)pi (1) - - suc(sy, 1, k)P, (5%,)

and s = t4" i, = si. If k; = 0, the block g, is primi-
tive. A primitive block q; = pf(s}) withi > 0 and |pf| > 2
is called a lone conjunct of q.
Example 6. The query {,.(A A B) in Example 1(¢), whose
CQ representation is tg < ¢, p1(t1), for p; = {A, B}, has
a lone conjunct p;(¢1). In (A A O(A A B)) from Exam-
ple 1(i%), represented as to < t1, A(t1), suc(t1,t2), p1(t2),
the conjunct p1 (¢2) is not lone.

Now, we say that g given by (4) is in normal form if the
following conditions are satisfied:

(1) pf # 0ifi > 0,and pj, # O ifi > 0or k; > 0 (thus,
of all the first/last p in a block, only pJ can be empty);
(n2) each R; is either a single ¢ < t! or a sequence of <;

(m3) pi. 2 pottif g,y is primitive and R, 1 is <;
(md) pi & ppttifi >0, g, is primitive and Ry is <.
The queries in Example 6 are in normal form with two

blocks each; the query ¢’/ above is in normal form with two
blocks g, = T(to) and q; = A(t2) A B(t2) A C(t2).
Lemma 7. Every query in Q,[0,{,] is equivalent to a
query in normal form that can be computed in linear time.

A query g € Q,[0, 0] is safe if it is equivalent to a query
q' € Q,[0,9] in normal form not containing lone con-
juncts. We are now in the position to formulate the criterion.
Theorem 8. (i) A query q € Q,[O, Or] is uniquely charac-
terisable within Q,[O, O] iff q is safe.

(ii) Those queries that are uniquely characterisable
within Q,[O, O] are actually polynomially characterisable
within Q,[O, Or].

(t43) The class Qp[O, Or] is polynomially characterisable
for bounded query size.

(iv) The class Q,[O, Q] is polynomially characterisable.

Proof sketch. A detailed proof is given in the full version.
Here, we define a polysize example set £ = (ET,E7)
characterising a query q in normal form (4), which does not
contain lone conjuncts. Let b be the number of O and ¢ in g
plus 1. For each block g; in (4), we take two words

i+1) i+1

@G =P P @ X @i = po--- (P, Up6T) - okl

The set £ contains the data instances given by the words
- Dy =ql"...q,0°q,,, ... 0°q,,

- D;=qgol°...q;}q; ... 0°q, if Ry is <,

- D; =qu0°...q;0"+q,, ...0°g, otherwise.

Here, (® is a sequence of b-many () and similarly for ()i+1 .
The set E~ contains all data instances of the form

- Dy =qol°...q 0"+ g, ... 00, if ni > 1
- D; =qo0°...q;xq; ... 0°G, if Ri4q is asingle <,

and also the data instances obtained from Dy, by



(a) removing a single atom from some pé # () or removing
the whole p; = (), fori # 0 and j # 0, from some g,;

(b) replacing @; = py - .- pjpi4s - - - i, (ki > 0) by @;0°qy,
where @} = p ... 0}, @] = pjq1--- P, and 1 > 0;

(c) replacing some pi # 0,0 < I < k;, by pi0®pi;

(d) replacing pj, (k; > 0, |}, | > 2) with pj, \ {A}0°p}, .
for some A € pj, , or replacing pf (k; > 0, |ph| > 2) with
ps0bpi \ { A}, for some A € pi;

(e) replacing p§ # 0 with p§ \ {A}0°8, for some A € p,
if ko = 0, and with pJ0°p3 if ko > 0.

The size of E is clearly polynomial in |g|. It is readily seen
that D |= g forall D € E™. To continue the proof sketch,
note that D |= q iff there is a homomorphism h from the
set var(q) of variables in q to [0, max(D)], i.e., h(ty) = 0,
A(h(t)) € Dif A(t) € q, h(t') = h(t) + 1if suc(t,t') € q,
and h(t) Rh(t') if R(t,t") € q for R € {<,<}. Using the
assumption that g is in normal form, one can show that there
is no homomorphism witnessing D |= g, forany D € E~.
Suppose now that ¢’ € Q,[O, ;] in normal form is given
and ¢’ #£ q. If D, [~ q', we are done as D, € ET. Other-
wise, let h be a homomorphism witnessing D, = q’. Then
one can show that either the restriction of h to the blocks of
¢’ is an isomorphism onto the blocks of g or there exists a
data instance D obtained using one of the rules (a)—(e) such
that a suitably modified / is a homomorphism from g’ to D.
In the latter case, we are done as D € E~ and D E ¢q'.
In the former case, q and q’ coincide with the exception of
the sequences of ¢ and ¢, between blocks. Then g can be
separated from q’ using the examples D; and D; . a

6 Polynomial Characterisability in Q7 [U]

LTL-queries with U do not correspond to CQs (because of
the universal quantification in its semantics), and so require
a different approach. We view them as defining regular lan-
guages. With each Q7 [U]-query of the form (2) we associate
the following regular expression over the alphabet 27:

q = poAip1Az - AP &)

where \,11 = () and 1L* = . We regard the words of the
language L(q) over 27 as data instances. Clearly, D’ = q iff
there is D € L(q) such that D € D', i.e., D = (do, ..., 0k)
and D' = (d,...,0)), for some k < w, and §; C ¢, for
all i < k. The language L4 of all o-data instances D = g
(regarded as words over 27) can be given by the NFA 2/,
below, where each —,, for o £ L, stands for all transitions
—p with o C 5 C o (note that L ¢ o):

Without loss of generality we assume that all our q are min-
imal in the sense that by replacing any A\; # L with L in q
we obtain a query that is not equivalent to q. For example, in
minimal g, p; 2 --- 2 p; D N;and \; = L forall ] € (j,14)
imply p; Z A; as otherwise A; U(p; A(LU... (A Ugp)...))

is equivalentto LU (p; A(LU...(A\;Up)...)). Using stan-
dard automata-theoretic techniques, one can show:
Theorem 9. Any Q7 [U]-queries q # q' can be separated
by some D with max(D) < O((min{tdp(q),tdp(q')})?).

Using Theorem 9 in the proof of Theorem 4 we obtain:
Corollary 10. The class Qg [U] is exponentially character-
isable within Qg [U].

The following examples illustrate difficulties in finding
short unique characterisations of Qg [U]-queries, namely,
that in general, data instances of different shapes and forms
are needed to separate Q7 [U]-queries. To unclutter notation
we omit {} in singletons like {A}.

Example 11. (a) The shortest data instance separating
qg=X(0"A1*B1*AB*AA*B0",
q = X0*AL*BA*AB*AL*B)*

isD = XABABBAAB with D |= g and D }~ ¢’ (e.g.,

X ABABAAB satisfies both g and q’).
(b) Forl > 0, let g, = (AB*)'"1AA* BB*. Then

XA*q q, ...qlkX(Z)* # X1%q,q, ...qlkX(Z)*,
XA'q q,...q, AV = X17q, q,...q, AD".

If1 <l < -+ < I, the former inequivalence is wit-
nessed by the instance X A" BA2B ... A'* BA'* BX . Less
generally, X A*q,q;X0* # X 1*q,q;X0* can be shown
by XAABAAABAAABX orby XAABABAABABX
(spot the difference and see (n2) below).

Here, we consider the class P?[U] of peerless queries
given by (5), in which, for any 4, either A; = L or the sets \;
and p; are incomparable with respect to C. Our main result
is that 77 [U] is polynomially characterisable within Q7 [U].

We start with a general observation. Consider two queries
q = poAt ... Aipn0* and @' = pout ... pkpn0*. We say
that \; # L subsumes j1; # L if either ¢ = j and pu; C A,
orj < idand ppj...pi—1 € pj...pi—1A;, or j > i and
Pi---Pj—1i5 € Aip;...pj—1. Inthe last two cases,

i CSp; S - Cpim1 S A, py Spjm1 S-S o C A,

respectively. Note that, for peerless g, the last inclusion is
impossible. If A; and p; subsume each other, in which case
Ai = pj, wecall (\;, ptj) amatching pair. Observe also that,
for 'qu =00 Pic1NiPi - Prs lf 'D; ): q/, then \; sub-
sumes some /i po...ppl € Dy means that A; subsumes
fing1 = 0,and po ... 15 ... py € D} that \; subsumes ;.
The proof of the next lemma is given in the full version:
Lemma 12. For any queries q and q' as above, either (i)
each \; # L subsumes p; occurring in some matching pair
(A, pj) or (ii) q and q" are separated by a data instance
of the form Dfl or Dfl,. Also, if q is peerless, \; can only
subsume [i; in the matching pair (X;, p;) with i > j, in
which case j1; = p; = -+ = pi_1 = \;.

Note that the number of data instances of the form Dé, for
all possible Q7 [U]-queries g’ can be exponential in |o|. The
following example indicates how to overcome this issue.



Example 13. Let 0 = {4, B,C, D, X}. To separate the
query X{C, D}*AQ* from any X \*AQ* with A, D ¢& ),
wecanuse D = Xo \ {A, D} A.

Theorem 14. The class P?[U] is polynomially characteris-
able within Qg [U].

Proof sketch. We show that any g = poAjp1 A5 ... X5 p,0*
in P7[U] is characterised by the example set £ = (E*, E~)
where E contains all data instances of the following forms:

(Po) PO - - P, _

(P1) po---pi—1ipi . pn = Dy,

(p2) po---pic1iNEpi pj_aNjpy e = Dg’k, fori < j
and k =1,2;

and E~ has all instances that are not in L(q) of the forms:

(ng) o™ and o™ ‘o \ {A}d?, for A € p;,

(n1) po...pic1o\{A,B}p;...pn,for Ae X\;U{L}and
BepU{l},

(ng) foralliand A € \; U {L}, some data instance

Di = po---pic1 (o \{ANPNEY - Ao, (6)

if any, such that max(Dj}) < (n + 1)? and D % q' for
q' obtained from q by replacing Aj, forall j <4, with L.
Note that DY [~ q for peerless q.

n
n

By definition, q fits E and |E| is polynomial in |q|. We
prove in the full version that £ uniquely characterises q. 1

One reason why this construction does not generalise to
the whole Q7 [U] is that D} = g' does not imply D} = ¢
for non-peerless g, as shown by the following example:
Example 15. Let ¢ = XA*AB*A1*AB*AA*BB* X ()*.
For any data instance D3 satisfying (6)—for example,
D3 = XAAc ABABX—we have D3 E gq.

7 Characterisability in Q[{)]

In the previous two sections, we have investigated charac-
terisability of path-shaped queries. Here, we first justify
that restriction by exhibiting two examples that show how
temporal branching can destroy polynomial characterisabil-
ity in Q[{]. Both examples make use of unbalanced queries,
in which different branches have different length. We then
show that this is no accident: one can at least partially re-
store polynomial characterisability for classes without un-
balanced queries.

We start by observing that, without loss of generality, it is
enough to consider conjunctions of path queries only:

Lemma 16. For every q € Q[0], one can compute in poly-
nomial time an equivalent query of the form g, N\ --- N\ q,,
with q; € Q,[0], for1 <i <n.

The first example showing non-polynomial character-
isability is rather straightforward but requires unbounded
branching and an unbounded number of atoms. We write
queries q € Qg [0] of the form

q=poANO(p1 AO(p2 A=+ A Opn)) (7

as words pgpj ...pn over 27 (omitting but not forgetting
Af = (* from (5)) and also use popi - .. ppn, to denote the
data instance defined by q.

Example 17. Consider g,, = s1A---Asy,, where n > 2 and
each s; is a word repeating n times the sequence A7 ... A,
(of singletons) with omitted A;. Now, consider the queries
q'zn) =4, /\p’ Wherep = <>(A11 /\<>(Ai2 ASERYA' <>Azn)) and
A;, ... A;, is a permutation of Ay ... A,. Then ¢® E g,
and g,, [~ gP as shown by the data instance s;, s;, ... S;,, -
Moreover, if D = gq,,, D - pand p’ # p,then D = p'. Tt
follows that, in any £ = (ET, E~) uniquely characterising
q,,, the set E contains at least n! data instances.

The class Q< [0] of queries of branching factor at most
n contains all queries in Q[Q] that are equivalent to a query
of the form g; A--- A g, withm < mnand g; € Q,[0]. We
next provide an example of non-polynomial characterisabil-
ity that requires four atoms and bounded branching only.

Example 18. Let 0 = {4, A2, By, B2}, q; = 0(s0)"s,
and q, = Po®" 1, where s = { A1, A }{ By, By}. Consider
the set P of 2"*!-many queries of the form (s ... 8,41
with s; either {A;}{As} or {B1}{Bz}. Then g; A g, [~ q
for any ¢ € P and, for any D with D = q; A g5, there is at
most one g € P with D £ q (the proof is rather involved).
It follows that g; A q5 = g4 A gy A g for all g € P, but
27+ positive examples are needed to separate g, A g, from
all g; A gy A g withg € P.

We next identify polynomially characterisable classes of
Q[Q]-queries, assuming as before that p,, # ) in any q of
the form (1). We call a query g; A --- A q,, € Q[0] with
qi,---,4, € Q,[0] balanced if all g; have the same depth;
further, we call it simple if, in each g; given by (1), pj| =1
for all j. Let Q,[0] denote the class of queries in Q[{] that
are equivalent to a balanced query.

Theorem 19. (i) The class of simple queries in Qu[Q] is
polynomially characterisable within Qp[0)].

(i3) For any n, the class Qp[0] N Q<,,[0] is polynomially
characterisable.

Proof sketch. Let q € Qg[(}]. We start with a lemma on
the existence of polynomial-size o-data instances Dg j such
that Dy = q and Dy |= q' for all ¢ € QF[Q] with
q' = q and tdp(q’) < k. Note that such Dy j do not exist in
general.

Example 20. Let g = A A B. Then A [~ q and B [~ g but
there does not exist any Dg ¢ such that Dg o & q, Dgo = A
and Dg o = B.

In the following lemma, we therefore assume that g does
not speak about the initial timepoint.

Lemma 21. Let ¢ € Qf[Q] be of the form Oq' and let
k > 0. Then one can construct in polynomial time a o-
data instance Dgq , such that Dq i, W= q and Dq i, = ¢’ for
all ¢' € QF[0] with q' |- q and tdp(q') < k.

Proof. Assuming that g = O(p1 A O(p2 A -+ A Opy)) with
pi = {A%,..., A} }fori > 1, we set

_ k k k
DlLk = 08108, 108y,



where s; = o \ {A%}...0\ {4} }. One can show by in-
duction that Dg j, is as required. a

Using Lemma 21, for any g € Q°[{], one can construct
a polynomial-size set of negative examples as follows. Sup-
poseqg =¢q; A---Ag, € Q7[0] with

a; = Py NO(PL AO(Py A+ A Opyi)).

Let p = A\ p}y and let g; be g; without the conjunct pf),
so Lemma 21 is applicable to g; . Now let £, contain the
o-data instances D - and o \ {A}o™ forall A € p.

Lemma 22. (i) Forany D € E_,,, we have D = q.
(1) For any @' € Q°[Q] with q¢' = q and tdp(q') < m,

there exists D € E_, withD |= q'.

q,m

It follows from Lemma 22 that non-polynomial character-
isability of Q[{]-queries can only be caused by the need for
super-polynomially-many positive examples. We now dis-
cuss the construction of positive examples in the proof of
Theorem 19 (i7); part (i) is dealt with in the full version.
Letgq=q; N ---Nq,, € Q7[0]NQZ,[0] withm < n and

a; = po AN O A QP A=+ A Oply)-
For any map f: {1,...,m} — {1,..., N}, construct a o-
data instance Dy by inserting p} (i) into the data instance o™V

in position f(i). Let E* contain the data instance po™ for
p = Ui~, ply and all the data instances Dy. One can show
that (E+, E™) characterises g in Q[0] N Q<,[0]. a

8 2D Temporal Instance Queries

Now we consider ‘two-dimensional’ query languages that
combine instance queries (over the object domain) in the
standard description logics ££ and £LZ (Baader et al. 2017)
with the LTL -queries (over the temporal domain) considered
above. Our aim is to understand how far the characterisabil-
ity results of the previous sections can be generalised to the
2D case. A relational signature is a finite set 3 # ) of unary
and binary predicate symbols. A X-data instance A is a fi-
nite set of atoms A(a) and P(a,b) with A, P € ¥ and indi-
vidual names a,b. Let ind(.A) be the set of individual names
in A. We assume that P~ (a,b) € Aiff P(b,a) € A, calling
P~ the inverse of P (with P~~ = P). Let S := P | P~.
Temporal instance queries are defined by the grammar

q:=T|L|A|35q]|q Nqgy | opq]| qUaqy,

where op € {O, ¢, O,-}. Such queries without temporal op-
erators are called £LZ-queries; those of them without in-
verses P~ are £L-queries. A temporal Y-data instance D
is a finite sequence Ay, .. .,.A,, of X-data instances. We set
ind(D) = |J;_; ind(A;). For any ¢ € Nand a € ind(D),
the rruth-relation D, a, { |= q is defined by induction:

D,a,l E A iff A(a) € Ay,
D,a,t |= 3S.qiff thereis b € ind(Ay) such that
S(a,b) S AZ and ’D7b7€ ): q,

with the remaining clauses being obvious generalisations of
the LTL ones. An example set is a pair E = (ET,E7)

with finite sets E and E~ of pointed temporal data in-
stances (D, a) such that a € ind(D). We say that q fits E if
Dt,a™,0 =qand D~ ,a",0 £ g, forall (D*,a") € ET
and (D~,a") € E~. As before, E uniquely characterises q
if q fits it and every ¢’ fitting E is logically equivalent to q.

We need the following result on the unique characteris-
ability of £LZ-queries.

Theorem 23 (ten Cate and Dalmau 2021). The class of
ELTI-queries is polynomially characterisable.

Theorem 24 is proved by constructing frontiers in the set
of £LI-queries partially ordered by entailment, where a set
F of ELT-queries is called a frontier of an £LZ-query q if
the following hold:

* qgEq and q [~ q, forall ¢’ € F;

* if ¢ = q" for some ELT-query q”, then q” = q or there
exists ¢’ € F withq' = q".

Theorem 24 (ten Cate and Dalmau 2021). A frontier F(q)

of any ELI-query q can be computed in polynomial time.

Theorem 23 follows from Theorem 24. For any £L7-
query g, we denote by g the tree-shaped data instance de-
fined by g with designated root a. Then q is characterised
by Ewith ET = {q}and E~ = {7 | r € F(q)}.

For any unrestricted temporal query language Q[®] and
L e {EL,ELTY, we denote by Q[P] ® L the set of all tem-
poral instance queries with operators in ¢ with (for ££7) or
without (for £L) inverse predicates. We generalise the path-
shaped queries Q,[®] as follows: Q,[®] ® L denotes the
class of queries g in Q[®] ® L such that, for any subquery
g, \ g, of g, either g; or g, do not have an occurrence of
any operator in @ that is not in the scope of 35. To illustrate,
3S.0A A O3S Aisin Q,[®] ® L, but QA A $IS.A is not.
We make two observations about unique characterisability
in these ‘full’ combinations.

Theorem 25. (i) Q[O, O] EL is uniquely characterisable.

(17) Qp[0] ® ELTL and Q,[0] @ ELT are polynomially
characterisable.

Here, (4) is shown similarly to Theorem 4 (it remains open
whether it can be extended to Q[O, O]®ELL); (it) is proved
by generalising Theorem 24 to temporal data instances.

We now show that the application of the DL constructor
3P to temporal queries with both O and ¢ destroys polyno-
mial characterisability. Denote by ££(Q,[O, ¢]) the class
of queries in Q,[O, ¢] ® £L that contain no 3P in the scope
of a temporal operator.

Theorem 26. £L£(Q,[0, )) is not polynomially character-
isable.

Proof sketch. Consider queries g,, = 3P.q7 A--- A3P.q),
in which each gf' corresponds to the regular expression
BB0*A...BB0)*A(*BO0*ABB0*A... BBO)*AD*
——— ——— —— — ——r
1 i—1 [ i+1 n

(with omitted L* = ¢ in BB). One can show that any
unique characterisation of g,, contains at least 2" positive
examples to separate it from all queries g,, A 3P.s with

s =01(BAO(ANO2(BAO(AN---No,(BAOA)...)))),
where o; is O or (O if 7 > 1, and blank or { if ¢ = 1. a



The situation changes drastically if we do not admit tem-
poral operators in the scope of 3P. We start by investigating
the class Q,[O, Or](€LZ) of queries of the form

g=rogANoi(ri Nox(ra A+ Aopry)),

where the r; are £LZ-queries and o; € {O,{.}. We can
generalise the CQ-representation, the normal form, and the
notion of lone conjunct from Q,[O, ;] to Q,[0, Or](ELT)
in a straightforward way. To formulate conditions (nl1)-
(n4), we replace the set inclusions ‘p; C p;’ by entailment
‘r; = r; . For example, (n4) becomes

(md) ritt 7}, if i > 0, g, is primitive and R; 4, is <.
The condition for lone conjuncts now requires that = is not
equivalent to any q; A g, with £L£Z-queries q, g, such that
q; ~= 7 fori = 1,2. Then one can show again that every

9,[0, O-](ELT)-query is equivalent to a query in normal
form, which can be computed in polynomial time.

Theorem 27. The statements of Theorem 8 (i)—(iv) also
hold if one replaces Q,[O, O] by Q,[O, O] (ELT).

The proof generalises the example set defined in Theo-
rem 8 using the frontiers provided by Theorem 24 as a black
box. Indeed, in the definition of examples, replace p; by 7,
the data instance corresponding to the ££Z-query r;, and re-
place ‘p\{A} for A € p’ by ‘the data instance corresponding
to a query in F(r)’. We choose a single individual, a, as the
root of these data instances. For example, item (a) becomes:

(@) replacing some ré. by the data instance corresponding
to a query in F (r;) or removing the whole rg» = () for
i # 0 and j # 0 from some g;.

Next, consider the class Q,[U](L) of queries of the form
q:’l"()/\(llU(’l"l/\(lgU(...(an’l“n)...»))7 ®)
where 7, is an £-query and [; is either an £-query or L, for
L € {EL,ELT}. For the same reason as in the 1D case,
we fix a finite signature ¥ of predicate symbols. Denote by
L(X) and Q,[U](L) the set of queries in £ and Q)'[U](L),
respectively, with predicate symbols in X. Aiming to gen-
eralise Theorem 14, we again translate set-inclusion to en-
tailment, so the peerless queries P*[U](L) take the form (8)
such that either I; = L orl; & r; and r; £ ;.
Theorem 28. Let X be a finite relational signature.
Then PX[UJ(EL) is polynomially characterisable within
QY [UJ(EL), while PZ[U)(ELT) is exponentially, but not
polynomially, characterisable within Q%[U](ELT).

To prove Theorem 28, we generalise the example set from
the proof of Theorem 14. The positive examples are straight-
forward: simply replace p; and \; by the data instances cor-
responding to r; and I; (and choose a single root individ-
ual). For the negative examples, we have to generalise the
construction of o, o \ {A}, and ¢ \ {4, B}. For o, this
is straightforward as its role can now be played by the X-
data instance Ay, = {A(a), R(a,a) | A, R € ¥} for which
As E q(a)forallg € ELZ(X). Foro\{A} and o\{A, B},
we require split partners defined as follows. Let @ be a finite
set of £(X)-queries. A set S(Q) of pointed ¥-data instances
(A, a) is called a split parmer of Q in L(X) if the following
conditions are equivalent for all £(X)-queries q’:

e A= ¢'(a) for some (A, a) € S(Q);
* q £ qforallq € Q.
Example 29. The split partner of {g = A} in EL(X) is

the singleton set containing (A5, a) with A5 defined as
{B(a), R(a,b), R(b,b),B’(b) | Be £\ {A},R, B’ € &}.

Theorem 30. Fix n > 0. For any set Q of EL(X)-queries
with |Q| < n, one can compute in polynomial time a split
partner S(Q) of Q in EL(X). For ELL, one can compute
a split partner in exponential time, which is optimal as even
Sor singleton sets Q of ELI(X)-queries, no polynomial-size
split parmer of Q in ELT(X) exists in general.

The proof, given in the full version, requires (as does
As) the construction of non-tree-shaped data instances. Our
results for ELT are closely related to the study of gen-
eralised dualities for homomorphisms between relational
structures (Foniok, Nesetril, and Tardif 2008; Nesetril and
Tardif 2005) but use pointed relational structures. The con-
struction of §(Q) for £LZ is based on a construction first
introduced in (Bienvenu et al. 2014).

We obtain the negative examples for g of the form (8) by
taking the following pointed data instances (D, a) (assuming
that split partners take the form (A, a) for a fixed a):

(n}) (A%, a)and (AL "AAL, a), for (A, a) € S({r:});
() (Dya) = (#g... 71 AP ... 7y, a) with D,a,0 [~ g
and (A, a) € S{L;, i HUS{LHUS {7 HU{(As,a)};
(n}) foralliand (A, a) € S{l;}) U{(As,a)}, some data
instance
i o N . skit1 ~ky
(DYy,a) = (Po... 71 APl Tigr ... 1, Tn,a),
if any, such that max(DY) < (n+1)% and Dy, a,0 = qf
for g' obtained from q by replacing all [ j»J <4, with L.

We illustrate the construction by generalising Example 2.

Example 31. For ¢ = OA and any relational signature
3} 5 A, we obtain, after removing redundant instances, that
ET = {(0{A(0)},a)} and B~ = {(Ax A5 {A(a)}, )}
characterise ¢ within Q> [U](EL).

We finally generalise Theorem 19 (i) (part (%) is not in-
teresting since simple queries do not generalise to any new
class of £L£I-queries). Query classes such as Q[O](EL)
are defined in the obvious way by replacing in Q[{]-queries
conjunctions of atoms by £ L-queries.

Theorem 32. The class Q,[0](EL) N Q< [O1(EL) is poly-
nomially characterisable for any n < w.

Again the positive and negative examples are obtained
from the 1D case by replacing o by As; and o \ {A} by
appropriate split partners.

9 Applications to Learning

We apply our results on unique characterisability to exact
learnability of temporal instance queries. Given a class Q of
such queries, we aim to identify a target query q € Q using
queries to an oracle. The learner knows Q and the signature
o (X inthe 2D case) of g. We allow only one type of queries,



called membership queries, in which the learner picks a o-
data instance D and asks the oracle whether D |= ¢ holds.
(In the 2D case, the learner picks a pointed ¥.-data instance
(D, a) and asks whether D, a,0 |= g holds.) The oracle an-
swers ‘yes’ or ‘no’ truthfully. The class Q is (polynomial
time) learnable with membership queries if there exists an
algorithm that halts for any ¢ € Q and computes (in poly-
nomial time in the size of ¢ and ¢ /X)), using membership
queries, a query ¢’ € Q that is equivalent to q. By default,
the learner does not know |g| in advance but reflecting The-
orem 8 (i), we also consider the case when |q| is known
(which is common in active learning).

Obviously, unique characterisability is a necessary condi-
tion for learnability with membership queries. Conversely, if
there is an algorithm that computes, for every q € Q, an ex-
ample set that uniquely characterises q within Q*%9(9) then
@ is learnable with membership queries: enumerate Qs (@)
starting with the smallest query g, compute a characterising
set I for g and check using membership queries whether g
is equivalent to the target query. Eventually the algorithm
will terminate with a query that is equivalent to the target
query. As all of our positive results on unique characteris-
ability provide algorithms computing example sets, we di-
rectly obtain learnability with membership queries. More-
over, if the example sets are computed in exponential time,
then we obtain an exponential-time learning algorithm: in
the enumeration above only |sig(q)|'?! queries are checked
before the target query is found. Unfortunately, we cannot
infer polynomial-time learnability from polynomial charac-
terisability in this way.

A detailed analysis of polynomial-time learnability using
membership queries is beyond the scope of this paper. In-
stead, we focus on one main result, the polynomial-time
learnability of Q,[O, O](ELT).

Theorem 33. (i) The class of safe queries in
O, O )(ELT) is  polynomial-time learnable  with
membership queries.

(1) The class Qp[O, Oy |(ELT) is polynomial-time learn-
able with membership queries if the learner knows the size
of the target query in advance.

(143) The class Q,[0,0|(ELT) is polynomially-time
learnable with membership queries.

Proof sketch. We consider the 1D case without £ LZ-queries
first. (i) Our proof strategy is to construct a query g’ that
agrees with g on the positive and negative examples for q’
from Theorem 8. The algorithm proceeds by computing a
data instance D. Our aim is to arrive at Dy, through iterations
of steps, from which the required query can be ‘read off”.

Step 1. First, identify the number of O and ¢ in g by asking
membership queries of the form ¢* incrementally, start-
ing from k& = 1, and then set b = min{k | o* = q} + 1

and Dy = o®. Initialise D = D,.

Step 2. Suppose that a data instance D’ is obtained from
D by applying one of the rules (a)—(e) of Theorem 8.
If D' |= q then replace D with D’. Repeat as long as
possible. One can show that the number of applications

of each rule is bounded by a polynomial in |o| and the
size of g, and so Step 2 finishes in polynomial time.

Step 3. Suppose D contains (°p}0® and |p}| > 2. Since
rule (a) does not apply, every homomorphism h: g — D
sends some 1, ..., to p}, for | > 1. As g does not con-
tain lone conjuncts, g contains singleton primitive blocks
at positions #1,...,t;.. Suppose py = {Aj,... At
and let w = {A;}0°{A,}00 ... {A|p6‘}®b (the order in
which Aq,..., A‘ pils the elements of pj), are enumerated
does not matter, we fix any one). Let D be obtained
from D by replacing (°pi0® with () (w)*. Notice that,
for k = |q|, we have ch = g; however, the algorithm
is not given this k. Instead, the algorithm incrementally
iterates starting from k& = 1 until D}, = q. Since k < |q,
this takes polynomially-many iterations. Let D’ be ob-
tained from D}, by removing primitive blocks as long as
D’ = q. Notice that rules (a)—(e) do not apply to D’.
Replace D with D’. Repeat Step 3 as long as possible.
Since no new lone conjuncts are introduced, the process
finishes after polynomially-many steps.

Step 4. At this point of computation, the algorithm has
identified all blocks of q but not the sequences of { and
Or between them. They can be easily determined based
on the positive and negative examples D; and D; .

The proof of (i4) is similar, with a modified Step 3. Finally,
(4i7) is a consequence of (i%) as the size of the query g does
not exceed n = |o|b.

We obtain a learning algorithm for 9, [0, {,|(£LZ) by
combining the learning algorithm above with the learning al-
gorithm for £ LZ-queries by ten Cate and Dalmau (2021) us-
ing the positive and negative examples given in Theorem 27.
Note that the data instance Ay, is now used instead of o and
that one has to ‘unfold’ such non tree-shaped data instances
into tree-shaped ones. Q

10 Conclusions

In this paper, we have considered temporal instance queries
with LTL operators and started investigating their unique
(polynomial) characterisability and exact learnability using
membership queries. We have obtained both positive and
negative results, depending on the available temporal oper-
ators and the allowed interaction between the temporal and
object dimensions in queries. The results indicate that find-
ing complete classifications of 1D and 2D temporal queries
according to (polynomial) characterisability and learnability
could be a very difficult task. In particular, interesting open
problems include the polynomial characterisability of full
Q7 [U], more general criteria of polynomial characterisabil-
ity for temporal branching queries and other temporal op-
erators, and the polynomial-time learnability of QZ[U] and
2D extensions. From a conceptual viewpoint, it would be of
interest to develop a framework that spells out explicitly the
conditions that non-temporal queries should satisfy so that
their combination with LTL-queries preserves polynomial
characterisability and polynomial-time learnability.



Acknowledgments

This research was supported by the EPSRC UK grants
EP/5032207 and EP/S032282 for the joint project ‘quant™P:
Ontology-Based Management for Many-Dimensional
Quantitative Data’.

References

Aarts, F., and Vaandrager, F. 2010. Learning i/o automata.
In International Conference on Concurrency Theory, T1-85.
Springer.

Alexe, B.; ten Cate, B.; Kolaitis, P. G.; and Tan, W. C. 2011.
Characterizing schema mappings via data examples. ACM
Trans. Database Syst. 36(4):23.

Angluin, D.; Frazier, M.; and Pitt, L. 1992. Learning con-
junctions of Horn clauses. Mach. Learn. 9:147-164.

Angluin, D. 1987a. Learning regular sets from queries and
counterexamples. Inf. Comput. 75(2):87-106.

Angluin, D. 1987b. Queries and concept learning. Mach.
Learn. 2(4):319-342.

Arenas, M., and Diaz, G. I. 2016. The exact complexity
of the first-order logic definability problem. ACM Trans.
Database Syst. 41(2):13:1-13:14.

Artale, A.; Kontchakov, R.; Kovtunova, A.; Ryzhikov, V.;
Wolter, F.; and Zakharyaschev, M. 2017. Ontology-
mediated query answering over temporal data: A survey. In
Proc. of TIME 2017, volume 90 of LIPIcs, 1:1-1:37. Schloss
Dagstuhl, Leibniz-Zentrum fiir Informatik.

Baader, F.; Horrocks, I.; Lutz, C.; and Sattler, U. 2017.
An Introduction to Description Logics. Cambride University
Press.

Baader, F.; Borgwardt, S.; and Lippmann, M. 2015. Tem-
poral query entailment in the description logic SHQ. J. Web
Semant. 33:71-93.

Barcel6, P., and Romero, M. 2017. The complexity of re-
verse engineering problems for conjunctive queries. In Proc.
of ICDT, 7:1-7:17.

Bienvenu, M.; ten Cate, B.; Lutz, C.; and Wolter, F. 2014.
Ontology-based data access: A study through disjunctive
datalog, CSP, and MMSNP. ACM Trans. Database Syst.
39(4):33:1-33:44.

Borgwardt, S., and Thost, V. 2015. Temporal query an-
swering in the description logic EL. In Proc. of IJCAI 2015,
2819-2825. AAAI Press.

Camacho, A., and Mcllraith, S. A. 2019. Learning inter-
pretable models expressed in linear temporal logic. In Proc.
of ICAPS 2018, 621-630. AAAI Press.

Cassel, S.; Howar, F.; Jonsson, B.; and Steffen, B. 2016.
Active learning for extended finite state machines. Formal
Aspects Comput. 28(2):233-263.

Chomicki, J., and Toman, D. 2018. Temporal Logic in
Database Query Languages. Springer. 3992-3998.
Fijalkow, N., and Lagarde, G. 2021. The complexity of

learning linear temporal formulas from examples. CoRR
abs/2102.00876.

Foniok, J.; Nesetril, J.; and Tardif, C. 2008. Generalised du-
alities and maximal finite antichains in the homomorphism
order of relational structures. Eur. J. Comb. 29(4):881-899.

Fortin, M.; Konev, B.; Ryzhikov, V.; Savateev, Y.; Wolter, F.;
and Zakharyaschev, M. 2022a. Reverse engineering of tem-
poral queries with and without LTL ontologies: First steps
(extended abstract). In Proc. of DL’22.

Fortin, M.; Konev, B.; Ryzhikov, V.; Savateev, Y.; Wolter,
F.; and Zakharyaschev, M. 2022b. Unique Characterisabil-
ity and Learnability of Temporal Instance Queries. CoRR
abs/2205.01651.

Funk, M.; Jung, J. C.; Lutz, C.; Pulcini, H.; and Wolter,
F. 2019. Learning description logic concepts: When can
positive and negative examples be separated? In Proc. of
1JCAI, 1682-1688.

Funk, M.; Jung, J. C.; and Lutz, C. 2021. Actively learning
concepts and conjunctive queries under ELr-ontologies. In
Proc. of IJCAI 2021, 1887-1893. ijcai.org.

Gutiérrez-Basulto, V.; Jung, J. C.; and Sabellek, L. 2018.
Reverse engineering queries in ontology-enriched systems:
The case of expressive Horn description logic ontologies. In
Proc. of IJCAI-ECAL

Hodkinson, I. M.; Wolter, F.; and Zakharyaschev, M. 2000.
Decidable fragment of first-order temporal logics. Ann. Pure
Appl. Log. 106(1-3):85-134.

Howar, F., and Steffen, B. 2018. Active automata learning
in practice - an annotated bibliography of the years 2011 to
2016. In Machine Learning for Dynamic Software Analy-
sis: Potentials and Limits, International Dagstuhl Seminar
16172, volume 11026 of LNCS, 123-148. Springer.

Jung, J. C.; Lutz, C.; Pulcini, H.; and Wolter, F. 2020.
Logical separability of incomplete data under ontologies. In
Proc. of KR 2020, 517-528.

Kolaitis, P. G. 2011. Schema Mappings and Data Examples:
Deriving Syntax from Semantics (Invited Talk). In Proc. of
FSTTCS 2011, volume 13 of Leibniz International Proceed-
ings in Informatics (LIPIcs), 25-25. Dagstuhl, Germany:
Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik.

Konev, B.; Lutz, C.; Ozaki, A.; and Wolter, F. 2017. Ex-
act learning of lightweight description logic ontologies. J.
Mach. Learn. Res. 18:201:1-201:63.

Konev, B.; Ozaki, A.; and Wolter, F. 2016. A model for
learning description logic ontologies based on exact learn-
ing. In Proc. of AAAI, 1008-1015. AAAI Press.

Lehmann, J., and Hitzler, P. 2010. Concept learning in de-
scription logics using refinement operators. Machine Learn-
ing 78:203-250.

Lemieux, C.; Park, D.; and Beschastnikh, I. 2015. General
LTL specification mining (t). In Proc. of ASE, 81-92. IEEE.
Lutz, C.; Wolter, E.; and Zakharyaschev, M. 2008. Temporal
description logics: A survey. In Proc. of TIME 2008, 3—14.
IEEE Computer Society.

Martins, D. M. L. 2019. Reverse engineering database
queries from examples: State-of-the-art, challenges, and re-
search opportunities. Inf. Syst. 83:89—-100.



Neider, D., and Gavran, I. 2018. Learning linear temporal
properties. In Proc. of FMCAD 2018, 1-10. IEEE.

Nesetril, J., and Tardif, C. 2005. Short answers to exponen-
tially long questions: Extremal aspects of homomorphism
duality. SIAM J. Discret. Math. 19(4):914-920.

Schild, K. 1993. Combining terminological logics with
tense logic. In Proc. of EPIA’93, volume 727 of LNCS, 105—
120. Springer.

Shahbaz, M., and Groz, R. 2009. Inferring mealy machines.
In International Symposium on Formal Methods, 207-222.
Springer.

ten Cate, B., and Dalmau, V. 2021. Conjunctive queries:
Unique characterizations and exact learnability. In Proc.
of ICDT 2021, volume 186 of LIPIcs, 9:1-9:24. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik.

ten Cate, B.; Kolaitis, P. G.; Qian, K.; and Tan, W. 2018. Ac-
tive learning of GAV schema mappings. In Proc. of PODS
2018, 355-368. ACM.

ten Cate, B.; Dalmau, V.; and Kolaitis, P. G. 2013. Learning
schema mappings. ACM Trans. Database Syst. 38(4):28:1—
28:31.

Tirtarasa, S., and Turhan, A.-Y. 2022. Computing General-
izations of Temporal ££ Concepts with Next and Global. In
Proc. of SAC’22. Association for Computing Machinery.



	Introduction
	Related Work
	Preliminaries
	Unique Characterisability
	Characterisability in Qp[,r]
	Polynomial Characterisability in Qp[U]
	Characterisability in Q[]
	2D Temporal Instance Queries
	Applications to Learning
	Conclusions

