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Abstract

In this thesis, we present extensions of the endogenous switching regression (ESR) model with
an application in health economics; and an approach to multiple imputation (MI) for variables
assumed to be missing not a random.

We first specify a semi-parametric ESR model where the predictors are represented using pe-
nalized regression splines, while retaining the distributional assumptions of the classical approach.
We then present copula-based ESR models where the bivariate joint distributions in the model are
specified using copula functions and their univariate components are specified in terms of para-
metric distributions. Parameter estimation and inference utilise a well-established penalized likeli-
hood framework. We investigate insurance uptake to cover out-of-pocket expenses of prescription
drugs in over 65 years olds from the United States. Our findings using the semi-parametric ap-
proach reveal evidence of self-selection into insurance and that some of the determinant factors of
expenditures exhibit varying degrees of non-linear associations. An assessment of the dependence
structures using the copula-based approach suggests that large values of out-of-pocket expendi-
tures are accompanied by higher chances of having supplementary insurance however, low expen-
ditures do not necessarily imply lower chances of having extra insurance. These features cannot
be adequately captured using the classical model specification.

We also present a MI approach that obtains plausible imputed values for a variable assumed
to be missing not a random and not restricted to be Gaussian. The approach is derived from a
copula-based specification of the sample selection model. We re-examine the non-randomised
component of the REFLUX study to evaluate the effect of surgery on patient’s health status under
several modelling assumptions. We find that estimates of the effect of surgery are significant,
regardless of the modelling approach. Estimates obtained using MI are very similar to those based

on the copula model and, in some instances, they have slightly smaller standard errors.
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Chapter 1

Introduction

Statistical analyses of non-randomised studies subject to sample selection are common in research.
The problem of sample selection appears when the data to be analysed consist of a non-random
sample of the population under study which, if not accounted for, leads to biased inferences.

Selected samples may appear as a consequence of self-selection or of non-random selection
and their analysis usually requires to model the selection mechanism explicitly. For instance, indi-
viduals may self-select into a treatment or join a programme in order to obtain some benefit from
doing so based on characteristics that are observed as well as unobserved by the researcher. In this
situation, the assignment mechanism becomes non-ignorable and the treatment is usually referred
to as endogenous!. Non-random selection arises, for example, in situations where the researcher
observes a response of interest only for individuals that take part in a study and participation is
driven by some observed and unobserved individual characteristics. The missing data literature
refers to the outcome of interest as being missing not at random.

The most popular models that correct for the bias arising from the analysis of selected sam-
ples are sample selection (SS; Heckman, 1974, 1976, 1979), dummy endogenous variable (DEV;
Heckman, 1978), and endogenous switching regression (ESR; Roy, 1951).

The ESR model was proposed by Roy (1951) to study the factors that influence individuals
when choosing between hunting or fishing as a profession, and can be understood as a generaliza-
tion of SS and DEV models. In SS models, the outcome of interest is partially observed and the
selection mechanism determines whether the response is observed or missing. In DEV models, the

outcome of interest is fully observed and the selection or assignment mechanism determines the

'In a broad sense, the concept of endogeneity in a statistical model is attributed to describing situations where an
explanatory variable is correlated with the random component of the model, for example, due to omitted variables that
are unaccounted for, predictors measured with errors, or simultaneity (Wooldridge, 2010, p. 54).



level of the treatment. In contrast, in ESR models the researcher observes the outcome of interest
at both levels of the treatment however, unlike DEV models, ESR allows for the effects of all the
covariates that explain the outcome to vary according to the treatment variable, and not just the
intercept. These models were originally specified using a system of linear regression equations
where the error terms are assumed to be multivariate normally distributed. Throughout this thesis,
we will refer to models using this specification as the classical approaches.

Generalizations and extensions of the aforementioned models stem from criticisms to their
lack of robustness to distributional and/or functional form misspecification. Most of these exten-
sions have been proposed in the context of SS and EDV models, using non- or semi-parametric
methods, modelling the joint distribution using flexible multivariate distributions, or using copula
functions (see, for example, Pigini, 2015; Puhani, 2000; Vella, 1998, for reviews).

The contents of this thesis revolve around some aspects of ESR and SS models: extensions of
the ESR model and their application to data from the health economics literature; and the inclusion
of flexible SS models into the multiple imputation framework (Rubin, 1977, 1978, 1987) to deal

with variables assumed to be missing not at random. Specifically, the objectives of this thesis are:

(i) Present extensions of the ESR model that relax the functional form specification of the

predictors and the distributional assumptions of the classical approach.

(ii) Investigate the effects of insurance uptake, and other socio-economic and health-related
characteristics, on out-of-pocket expenditures for prescribed drugs in individuals that are
over 65 years old in the United Stated using data from the Medical Expenditure Panel Survey

(MEPS).

(iii) Present a multiple imputation method, derived from a copula-based specification of the SS
model, that obtains plausible values for a partially observed continuous variable assumed to

be missing not at random and not restricted to be Gaussian.

To relax the functional form specification of the predictors, the ESR model is formulated using
a penalized regression spline framework where the deterministic components are defined using
a semi-parametric GAM-style specification (Generalized Additive Models; Hastie & Tibshirani,
1990; Wood, 2017). The distributional assumptions are relaxed by embedding the model into
a distributional regression framework and specifying the stochastic model components in terms
of parametric bivariate copula functions and their univariate margins. The marginal distributions

are specified using the GAMLSS framework (Generalized Additive Models for Location, Scale,



and Shape; Rigby & Stasinopoulos, 2005), where each distribution parameter can be modelled
using a flexible additive predictor of explanatory variables. Parameter estimation utilises a well-
established penalized likelihood framework and inference follows from the Bayesian interpretation
of the penalization process (Marra et al., 2017; Marra & Radice, 2019; Wojtys et al., 2018).

We investigate insurance uptake in individuals over 65 years of age to cover for out-of-pocket
prescribed drugs expenditures first by using the semi-parametric model under the classical distri-
butional assumptions and then using the copula-based approach. The semi-parametric framework
intends to capture and correct for self-selection into insurance while accounting for several con-
tinuous covariates such as age, income, and number of chronic conditions, which may have a
non-linear association with out-of-pocket expenditures. Using the copula-based models, we also
intent to assess whether the response of interest is best described by several parametric distribu-
tions that are used to model healthcare expenditures (Deb & Norton, 2018; Manning et al., 2005;
Manning & Mullahy, 2001; Mullahy, 2009), and whether the dependence structure in the data can
be best captured by using several copula functions other than the Gaussian.

The multiple imputation approach draws plausible values of a variable subject to missingness
from a density derived from a copula-based specification of the SS model. The procedure al-
lows to impute values that are suspected to be missing not at random under several distributional
assumptions and constitutes a valuable method that can be incorporated into a fully conditional
specification strategy to multiple imputation. We re-examine the non-randomised component of
the REFLUX study (Grant et al., 2008, 2013; Gomes et al., 2019, 2020) in order to evaluate the
effect of surgery on health status among individuals with gastro-oesophageal reflux disease, using
several assumptions about the missingness mechanism and the distribution of the response.

Using simulations, we find that the semi-parametric and copula-based extensions of the ESR
model and the multiple imputation approach obtain parameter estimates that are near their true
values and are less variable as the sample size increases. In particular, the semi-parametric ap-
proach appears to mitigate the effects of residual confounding that result from not modelling the
continuous covariates flexibly (Benedetti & Abrahamowicz, 2004; Radice et al., 2016; Slama &
Werwatz, 2005); the copula-based models provide reasonable results under mild model misspec-
ification; and the multiple imputation approach performs similarly to the copula-based SS model
that is based on, and appears to yield parameter estimates that are slightly less variable under mild
model misspecification.

In the application to insurance uptake using the MEPS data, we find that adopting the semi-



parametric or copula-based modelling approaches provide more reliable estimates and reveal char-
acteristics of the data that cannot be captured using the classical models. Specifically, relaxing the
functional form of the deterministic model components results in parameter estimates that are,
overall, more precise (in terms of obtaining smaller standard errors and narrower confidence inter-
vals) than those obtained using the classical approach. Furthermore, the semi-parametric model
reveals covariate effects with different degrees of non-linearity that cannot be captured using the
classical model. Using the copula-based approach, we find that the dependence structure between
insurance status and expenditures is not symmetric. The analysis suggests that large values of
expenditures are associated with higher chances of obtaining supplementary insurance however,
low expenditures do not necessarily imply lower chances of having insurance. This is also a fea-
ture that cannot be captured using the classical distributional assumptions. In the analysis of the
REFLUX study, we find that estimates of the effect of surgery are significant, regardless of the
modelling approach. The MI estimates for the effect of surgery and other model parameters are
very similar to those obtained using the copula-based SS model and, in some instances, they have
slightly smaller standard errors.

The remainder of this thesis is structured as follows: Chapter 2 presents a semi-parametric ESR
model. We describe two approaches to parameter estimation that follow from a well-established
penalized regression framework. We also discuss the main inferential results and conduct a simu-
lation study. In an application, we study insurance uptake of individuals over 65 years old in the
US to cover for out-of-pocket expenditures of prescription drugs. Chapter 3 presents copula-based
ESR models for continuous responses. The models are specified using copula functions where
their univariate marginals are represented using the GAMLSS framework. Parameter estimation
and inference follow from the methods described in Chapter 2. We perform a simulation study
to evaluate the empirical properties of the approach. We then revisit the application on insurance
uptake in order to make an assessment of the dependence structures in the data, and evaluate the
univariate marginal distributions of out-of-pocket expenditures using several parametric distribu-
tions. In Chapter 4, we first provide an overview of the main terminology used in the missing data
literature and the role of the missing data mechanism in statistical modelling. We also review the
specification of the classical SS model, a flexible copula-based extension, and the multiple impu-
tation framework. We then present a multiple imputation approach for variables assumed to be
missing not at random and assess its performance in a simulation study. Lastly, we use data from

the REFLUX study to re-evaluate the robustness of the results obtained under different modelling



assumptions about the missing data mechanism and the distribution of the response.



Chapter 2

A semi-parametric endogenous
switching regression model with an

application in health economics

This chapter presents a semi-parametric endogenous switching regression model that extends the
classical modelling approach by introducing flexible covariate effects in the model predictors.
Specifically, we use a GAM-style specification of the predictors, where associations between the
continuous covariates and the response are represented via penalized regression splines. Parameter
estimation utilises a well-established penalized regression framework and inference follows from
the Bayesian interpretation of the smoothing process. In an application, we investigate insurance
uptake to cover out-of-pocket expenses related to prescription drugs in individuals over 65 years
old from the United States. Our findings reveal evidence of individual self-selection into insurance
and that some of the determinant factors of out-of-pocket expenditures exhibit varying degrees of

non-linearity, which are not adequately captured by the classical approach.

2.1 Introduction

A typical question of interest in applied research is to examine the effect of a binary variable (or
treatment) on an outcome of interest, and to determine whether the effects of other covariates differ
across treatment levels.

In regression analysis of experimental studies, treatment assignment to individuals or statisti-

cal units is known and controlled by the researcher. It is common to assume that this mechanism
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is unconfounded, also known as ignorable treatment assignment, or the conditional independence
assumption (Imbens & Rubin, 2015). This assumption rules out the possibility of unobserved con-
founders that affect both the treatment and the outcome, and allows for individuals with similar
characteristics to be compared at different treatment levels. With observational data, the assign-
ment mechanism is not generally known or controlled by the researcher since random allocation
of individuals may not be possible, ethical or simply, subjects may fail to adhere to the study re-
quirements (Stuart et al., 2009). Furthermore, the conditional independence assumption may be
restrictive or untenable since individuals may self-select into treatment based on particular unob-
served characteristics, for example, to gain from the expected benefits of receiving the treatment.
As anticipated in Chapter 1, this situation makes the treatment assignment non-ignorable and in-
dividual characteristics associated with the response may be systematically different at both levels
of the treatment, due to the correlation between the unobserved individual characteristics that in-
fluence the choice of treatment and the response. Statistical analyses that do not account for a
non-ignorable assignment mechanism result in biased parameter estimates.

We consider individuals who are 65 or older from the Medical Expenditure Panel Survey
(MEPS) in order to assess the effects of their insurance status, and several other socio-economic
factors, on their out-of-pocket prescribed medicines expenditures!. The subjects considered in the
analysis are enrolled in Medicare (a federal health insurance programme that covers for specific
healthcare services) which, at the time of data collection, did not include prescribed drugs coverage
unless they obtained some form of additional insurance (employer-sponsored or union-based) to
cover against certain out-of-pocket expenses (for further details, we refer the reader to Cameron
& Trivedi, 2009).

The relationships between insurance status and healthcare utilization have long been studied
in economics. For instance, Arrow (1978), Phelps (1973), Newhouse & Phelps (1974), and Man-
ning et al. (1987) discuss the plausibility of endogeneity of insurance in observational data and
the role of adverse selection and moral hazard effects in health care utilization. Cameron et al.
(1988) develop a formal economic model from an utilitarian perspective to address the mutual
dependency between the demand for health insurance and health care use. The authors argue that
individuals self-select into insurance is partly based on future expected health care consumption
(which is not observed), making insurance status endogenous. Deb et al. (2006) further discuss

that an individual’s decision to uptake insurance is based on their observed and unobserved charac-

"We use the subset of the MEPS data available in Cameron & Trivedi (2009).
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teristics such as their future healthcare needs, their risk aversion, health status, and several socio-
economic characteristics, all of which may also affect healthcare use. In the application, individual
self-selection into insurance raises concerns about the endogeneity of insurance status, since it is
plausible that there are some unobserved individual characteristics, such as private information or
life-style choices, that affect simultaneously prescribed drugs expenditures and obtaining supple-
mentary insurance (Deb et al., 2006). For instance, individuals might have chosen to work in a
particular industry or joined a union during their working life expecting they would benefit from
the extra coverage this would provide after retirement (Cameron & Trivedi, 2009; French & Jones,
2011).

Two popular models that address the problem of endogeneity of a treatment arising from self-
selection are the treatment effects or dummy endogenous variable (DEV; Heckman, 1978), and
endogenous switching regression (ESR; Roy, 1951). The particular specifications of each model
depend on the structure of the data at hand and the assumptions made by the researcher. Details
on how these models can be motivated from an utilitarian perspective can be found, for example,
in Borjas (1987), Cameron et al. (1988), and Heckman & Leamer (2007).

The ESR model has its origins on the conceptual framework proposed by Roy (1951) to study
the factors that influence individuals when choosing between hunting or fishing as a profession,
and can be thought of an extension of sample selection and DEV models. The model aims to
(i) account for the effects of endogeneity arising from self-selection in order to obtain parameter
estimates that vary at each level of the treatment; (ii) estimate the extent to which unobserved
confounders influence both the treatment and the outcome; and (iii) counterfactual analysis (Mare
& Winship, 1988). Applications can be found in labour economics (Lee, 1978; Sakamoto & Chen,
1991), sociology and education (Gamoran & Mare, 1989; Willis & Rosen, 1979; Mare & Winship,
1988), agriculture (Wilde & Ranney, 2000), and health economics (Deb et al., 2006) among others.

The econometric formulation of the classical ESR model requires the specification of three
jointly normal regression equations: one for the selection or switching mechanism, and one for
each of the two regimes individuals may enter, depending on the observed value of the binary
endogenous variable (see, for instance, Maddala, 1986¢). In the application, the switching mech-
anism models the individual’s choice of obtaining supplementary insurance, whereas the regime
equations model out-of-pocket prescribed drug expenditures for individuals with extra insurance
and for individuals using Medicare only. Note that the literature distinguishes among several types

of switching regression models depending on whether (i) the selection variable and the regimes
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are correlated, (ii) the sample separation is known or unknown, or (iii) the sample separation is
known but observed imperfectly (for further details, we refer the reader to Maddala, 1986a). In the
context of the thesis, we observed the switching variable perfectly and we assume an association
between the switching and regime variables.

The model has been extended in several ways to relax the classical distributional assumptions,
for instance, Choi & Min (2009) replaced the normality assumption with a multivariate version
of the Syy-normal distribution (Johnson, 1949a,b) to account for asymmetry and excess kurtosis
in the distribution of the response. Smith (2005) specified the model using Archimedean copulas
with non-normal continuous marginals. From a Bayesian perspective, Deb et al. (2006) proposed
an extension for discrete outcomes.

The aforementioned extensions are not exempt from the consequences that may arise from
functional form misspecification of the deterministic components of the model. For instance,
modelling the effects of continuous covariates linearly, by categorisation, or using pre-specified
fixed-order polynomials may result in residual confounding (Benedetti & Abrahamowicz, 2004;
Radice et al., 2016; Slama & Werwatz, 2005), which may distort the distribution of the response
and result in departures from the normality assumptions in the classical model specification (Pig-
ini, 2015).

To that end, and based on the sample selection modelling approach of Marra & Radice (2013a),
we present an extension of the classical ESR model that flexibly models the covariate effects, while
maintaining the classical distributional assumptions. Specifically, non-linear associations between
the continuous explanatory variables and the response are modelled using penalized regression
splines via a GAM-style (Hastie & Tibshirani, 1990; Wood, 2017) specification of the model
predictors; parameter estimation utilise the procedure introduced in Marra et al. (2017) and Marra
& Radice (2019); and inference follows from the Bayesian interpretation of the smoothing process
(Marra et al., 2017; Marra & Radice, 2019; Wahba, 1978; Silverman, 1985; Wood, 2017).

The rest of this chapter is structured as follows: Section 2.2 describes a semi-parametric ESR
model, in particular, we present the model specification, the modelling assumptions, and the struc-
ture of the semi-parametric additive predictors. Section 2.3 explains in detail approaches to pa-
rameter estimation, while Section 2.4 considers the main inferential results from the penalized
regression framework relevant to our context. In Section 2.6 we analyse the effects of insurance
status, and other socio-economic and health related factors, on out-of-pocket prescribed medicines

using data from the MEPS. Lastly, in Section 2.7 we discuss the modelling approach and its limi-
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tations.

2.2 Specification of a semi-parametric ESR model

Let Yi;, Yo;, Y3, for i = 1,...,n, denote three random variables generated using the following
rules

Yii=1ypso(Yy;), Yo =YuYy,  Yai=(1-Yy)Ys. (2.1)

The Bernoulli random variable Y7; represents a treatment, switch, or switching variable (suspected
to be endogenous) that is determined by the sign of the continuous latent variable Y75 through the
indicator function HY1’2>0(')' 2 The continuous variables Y; and Y3; are determined by Y1; and
their latent counterparts Y5 and Y55, that is, when Y7; = 1 we observe Ys; = Y5 otherwise, we
observe Y3; = Y5i. Note that Y5; and Y3; are never observed simultaneously and represent the
two possible states where a variable of interest, say Y;, can be observed at. Dummy zero values
are generally assigned to Y5; and Y3; accordingly (Smith, 2003, 2005). In our context, Y|* is
an unobserved continuous variable that captures individual’s propensity to obtain supplementary
insurance, beyond using Medicare only. From an utilitarian perspective, Y;* can be thought of
as the difference in expected utility between individuals with supplementary insurance and those
using Medicare only. The continuous variables Y5 and Y5 represent out-of-pocket expenditures
for individuals with supplementary insurance and for individuals with Medicare only, respectively.
Individual’s choice on insurance uptake will determine whether we observe one or the other.
Given these observation rules, a semi-parametric ESR model can be defined using the follow-
ing system of equations
Py
Vi = vian + Z 1, (W1pyi) + €10 = M1i + €14, (2.2)
p1=1
Py
Y5 = vian + Z 827, (Wapyi) + €20 = M2i + €24, (2.3)
p2=1
Ps
T
Y; = 303 + Z S3ps (Wapgi) + €30 = N3 + €31, (2.4)
p3=1
where Vi = (1,Um2i, ..., Ump,,:)" is a vector of binary and/or categorical variables (including

an intercept), v, € R is a commensurate vector of regression coefficients, and each s, (+)

% An indicator function 1 4 (a) is equal to 1 when a € A and 0 otherwise.
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corresponds to an unknown smooth function of the continuous covariate w,y,,,, for m = 1,2, 3,
and p,, = 1, ..., P,,. The particular representation of the smooth functions is described in Section
2.2.1.

As in the classical ESR model, the semi-parametric specification makes fully parametric assump-
tions on the error terms, that is, the error terms €1, €2;, and e3; are assumed to follow a trivariate

normal distribution, i.e.,

2
€14 0 oy P120102  P130103

€2; s | praoioa op) 230203 )
€3; 0 2

30 P130103 P230203 03

where o1, 09, and o3 are standard deviations, and pi2, p13, p23 denote correlation coefficients.
Note that the deterministic model components, encapsulated in 7,,;, for m = 1,2, 3, correspond
to the well-known specification of semi-parametric additive predictors in GAMs.

Equation (2.2) represents a model for the switching mechanism or selection process, while
Equations (2.3) and (2.4) correspond to models for the two states that the outcome of interest
can be observed at, and are usually known as the regimes or regime equations. In our context,
Equation (2.2) models the process by which individuals decide whether to obtain supplementary
insurance to cover for out-of-pockets expenditures, whereas Equations (2.3) and (2.4) model the
two possible regimes for out-of-pocket expenditures, based on individual’s insurance status. If
pim = 0, for m = 2, 3, the switching regression model is called exogenous and parameters can
be consistently estimated by fitting two separate regressions. However, if pi,,, # 0, for m =
2, 3, the switching regression model is called endogenous and parameters cannot be consistently
estimated using separate univariate regression models since E[eg; | €1; > —m1;] # 0 and Eles; |
€1; < —n1;] # 0. Further distinctions can be made depending on whether Y; is unobserved,
perfectly observed, or observed with error (for details, see, for example Maddala, 1986a). The
endogenous switching regression model accounts for dependence between the error terms in the
switching mechanism and each regime through the correlation coefficients p12 and p;3, which can
be attributed to unobserved confounders that affect both, the probability of treatment assignment
and the outcome of interest.

Identification of the model parameters is subject to certain restrictions. Since the latent vari-

able Y|* is not observed, there is no information in the data to estimate o, and the regression
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coefficients in Equation (2.2) can only be identified up to a factor of 1/07. Without loss of gen-
erality, we can assume o; = 1. Note that the latent variable specification of Equation (2.2) leads
to a probit model for the observed binary variable Y;. Similarly, because we do not observe Y5
and Y3 simultaneously, there is no information in the data to identify the correlation coefficient
P23, which is usually left unspecified or set to zero (Smith, 2005). When the additive predictors in
Equations (2.2)-(2.4) contain more than one smooth function, their overall level is not identified
and a sum-to-zero constraint is imposed on all non-linear terms, that is, Y ;" ; Sip,, (Wmp,ni) = 0,
form =1,2,3,and p,, = 1,..., Py, (Wood, 2017, pp. 174-175).

Potential collinearity problems may arise during estimation due to a complete overlap among
the covariates in the predictors 7,,;, for m = 1,2, 3. In practice, it is common to assume that
an exclusion restriction assumption on the covariates holds. A valid exclusion restriction requires
the predictor 7;; to contain at least one covariate that is not included in 72; and ns;. Such co-
variate is usually known as an instrumental variable, which must be relevant to predicting Y7; and

conditionally independent of Y5; and Y3;.

2.2.1 Smooth function representation

The smooth functions of continuous covariates in the model are represented using a penalized re-
gression spline framework (Eilers & Marx, 1996; Wahba, 1980; Wood, 2017). In essence, the ap-
proach consists of modelling the covariate effects using regression splines together with a penalty
component that controls for smoothness of the fit and prevents over-fitting.

Assume that each of the smooth functions specified in Equations (2.2)-(2.4) can be written

using basis functions expansions as follows

Iom
~ T ~
Smﬁ'm (wmﬁ'mi) = Z bmﬁmjﬁm (wmﬁrni)amprnjﬁm = bmﬁm (wmﬁ'mi)amﬁ'm? (25)
jﬁmzl
where byg,, (Winpni) = Ompmt (Wimpnmi)s - - - » bmpmds,, (Wmp,i)) T is @ vector that contains Jj,,

basis functions evaluated at the continuous covariate wy,p,,i» and Q,p,, € R72m is a vector of
regression coefficients, for m = 1,2,3, and p,, = 1,... P,,. The number of basis functions is
generally chosen to be ‘large enough’ to capture the effect of the particular covariate. In practice,
using between 10 and 20 bases works well in many situations (Wood, 2017, pp. 242-243).

In addition, each smooth function has an associated penalty term A,,p,.J (Smp,,), Where

Ampn, = 0 1is an unknown parameter that determines the smoothness of the estimated function
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by controlling the influence of a quadratic roughness measure 7 (S5, ) on the fit, given by
I (Smp,) = d;’bﬁ"LSmﬁm Qs (2.6)

for some known J,,5,, X Jpp,, penalty matrix S,,5,,. Provided that the number of basis func-
tions Jp,, used to model S5, (Wimp,.i) is large enough, smoothness is ultimately controlled by
Amgp,, and the particular number of basis functions becomes irrelevant (Green & Silverman, 1993).
When A,,,5,, — 00, the penalty on the coefficients a5, becomes notable, which results in the
estimated function being closer to linear. On the other hand, when A5, — 0, the penalty term
becomes negligible resulting in a wigglier function estimate. A key modelling issue in the penal-
ized regression framework consists of choosing the optimal smoothing parameter that obtains the
best description of the data based on a particular criterion (see Section 2.3 for further details).

Comprehensive surveys of the penalized regression framework and several specifications of
the splines basis functions can be found in Fahrmeir et al. (2013), Green & Silverman (1993), and
Wood (2017).

Given the aforementioned smooth function representation, each of the equations in the semi-

parametric ESR model can be written succinctly as

Y = X0 B+ €mi = Nmi + €miy, M =1,2,3,

where X,,; = (VIm-, blu»)T contains an overall intercept and the binary and/or categorical variables
encapsulated in v,,; = (1, Um2i, ..., U pmi)T, and a vector of spline basis functions evaluated

at the i™ observation of each of the continuous covariates, given by b,,; = {b! | (wm1;), ...,

b; 5, (W, 5.i)}". The corresponding vector of regression coefficients is By, = (oy,,&),)" €
RP™, where 0t = (g, - -5 mp, )T and Gy = (@, - -, &) 5 )" are the regression coeffi-

cients associated with the fully parametric and the non-parametric elements of the additive predic-
Py,

tor, and p,, = P+ Eﬁmzl Jmp.,- The overall penalty term associated with the m™ linear predic-

tor is defined as 25221 )\mﬁdeTnﬁm Sipm Qmip,, » Which can be expressed in terms of the overall
vector of regression coefficients as ,@,Tnsmﬁm, where S,,, = diag(O}m, Am1Smis -+ Amp, Sy Pm)
and OLM represents a vector of P,, zeroes. The smoothing parameters contained in the over-
all penalty term can also be encapsulated into an overall smoothing parameter vector as \,, =

(Amis--s A, pm)T. Lastly, note that each of the model additive predictors can be further written

in vector-matrix form as 1,, = X;Bm, where N, = (Mm1, .- Mmn)" and X,, is the n X pp,
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design matrix associated with equation m (for further details see, for example, Marra & Radice,
2013a,b, 2021; Wood, 2017). The specification of the semi-parametric ESR model is completed
by defining the structure of the error terms, which we assume to be jointly normal with zero mean
and variance-covariance matrix already defined in page 11. Therefore, we maintain the distribu-
tional assumptions of the classical approach but extend the functional form of the predictors in
order to capture non-linear effects of the continuous covariates.

Models that correct for self-selection are known to be sensitive to distributional and/or func-
tional form misspecification. Identification also relies on the distributional assumptions being
met (Pigini, 2015; Maddala, 1986b). The main criticisms of the ESR model are that the joint
normality and the constant variance assumptions can be restrictive or inappropriate in empirical
applications. Additionally, the association between the switching and regime variables is tied to
the correlation coefficient, whose use as a measure of association has also been subject to criticism
(Embrechts et al., 2002). Assuming the distributional assumptions hold, parameter estimates of
models subject to self-selection are consistently estimated using a 2-step approach or maximum
likelihood (see Section 2.3) however, departures from normality yield inconsistent parameter es-
timates (Vella, 1998; van der Klaauw & Koning, 2003). In the absence of exclusion restrictions,
the maximum likelihood estimator is generally preferred over the 2-step approach since the latter
obtains unreliable parameter estimates due to their dependence on the non-linearity of the inverse
Mill’s ratio (Puhani, 2000). A further issue relates to functional form misspecification, which may
result in residual confounding, causing departures from the distributional assumptions and biasing
the results (Benedetti & Abrahamowicz, 2004; Pigini, 2015; Radice et al., 2016; Slama & Wer-
watz, 2005). To address this issue, the semi-parametric ESR model intents to model the effects of
continuous covariates flexibly, using the described penalized regression framework.

Following the penalized regression spline literature (for example, Green & Silverman, 1993;
Wahba, 1990; Wood, 2017), we describe next two of the most popular combinations of spline basis
functions and penalty terms used in practice, namely, penalized B-splines and thin plate splines.
To simplify the notation and aid the exposition, we omit the sub-scripts m and p,,, that refer to the

model equation and the particular covariate within the equation, respectively.

Penalized B-splines

B-spline basis functions (DeBoor, 1978) are made up of piecewise polynomials which are joined

continuously at some given points (or knots) in the support of the variable. B-splines are numer-
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ically stable and are implemented in most statistical software. Given a set of k fixed equidistant
knots wi < wj; < ... < wj in the support of a continuous covariate w, the B-spline basis

functions of order r are obtained as follows

w — w wi, s —w
—r r—1 +1 -1
b (w) = ——L" Lt Vo (w)+ ——————— ]_ - b (w)
wi —wi_, Wi — Wiy,

and
* *
1w < w <wjyy,

0 otherwise.

In practice, it is common to set 7 = 3, since this obtains a representations of cubic spline basis
(Eilers & Marx, 2021). Once the bases are constructed, a smooth function s(w) can be represented
as a linear combination of J = k£ + r — 1 B-spline basis functions and regression coefficients as
given in (2.5).

B-splines can be combined with different types of roughness measures that lead to the quadratic
form in the regression coefficients given in (2.6). For instance, Eilers & Marx (1996) provided the
B-spline basis with a discrete roughness measure based on the differences of adjacent elements
of the parameter vector é&, known as P-splines. The d"-order difference is defined recursively as
Ad(a;) = A& ) — A%1(a;-1) and AY(&;) = &; — &j—1. The measure of roughness on the

smooth function s(w) is then based on the sum of the squares of differences of order d given by

J
J(s)= Y {A%a;)) = a'DiDsa = a'S4a,
j=1+d
where Dy is a (J —d) x J difference matrix and Sy = Dng is a J x J penalty matrix. In practice,
the order of the difference is usually set to d = 2, since this obtains a good balance between
smoothness and fidelity to the data (Eilers & Marx, 1996). As an example, penalizing the squared

second-order differences between two neighbour parameters leads to the following band diagonal
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matrices
1 -2 1
-2 5 -4 1
1 -2 1
1 -4 6 -4 1
1 -2 1

D, = and Sy =

A comprehensive review of P-splines, the mathematical properties that make them suitable for
statistical modelling, and their applications can be found in Eilers & Marx (2021).

Alternatively, the roughness penalty can be based on a measure that quantifies the smoothness
of a function such as the integrated squared second-order derivative of the smooth function, i.e.,
J{s"(w)}*dw (O’Sullivan, 1986). Using the smooth function representation given in (2.5), the

penalty term can also be written as a quadratic form in the parameter vector & as follows

T(s) = / (5" () 2dw = / [a™(w)} dw = &7 { / b”(w)b”(w)wa} &= &S,
2.7)
where b”(w) is a J x 1 vector that contains the second-order derivative of the basis functions
and the (ji,j2)™ element of the J x J penalty matrix Sy is given by [ b (w)bl, (w)dw, for
J1,72 = 1,...J. In fact, the roughness measure in (2.7) is commonly used with different types of

basis functions, not just B-splines (see, for example, Green & Silverman, 1993).

Thin plate splines

Thin plate splines (TPS; Duchon, 1977) arise as the solution of the penalized least squares problem
for finding the estimate of a smooth function s(w) of ¢ > 1 covariates in which the penalty term
consists of a multivariate integrated squared dM-order derivative (see, for example, Wahba, 1990;
Wood, 2003, for details on the problem formulation). Compared to other choices of bases, TPS
allow representing smooth functions of more than one covariate and their formulation does not
depend on the choice of knot locations.

A smooth function of several continuous covariates, say w = (wi,...,w.) € R¢ can be
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represented using thin plate splines as follows

n

L
s(w) =) t(w)al + ) b (w)a; (2.8)
[- =1

=1
where 64? and o?j are unknown regression coefficients, b?(-) are polynomials of degree upto d — 1

that span the null space of the penalty?, and bj (+) are radial functions defined as

(71)c/2+d+1
22d—17¢/2(d—1)l(d—c/2

I |w — w;[?*¢log (|lw — w;|) ceven,
b (w) = b (w —wi) =

[(c/2—d) 2c—d
22drc/2(d—1)! Hw - ’wZH ¢ codd,
(2.9)
where || - || denotes the Euclidean distance, and w; is the i" data point. Note that writing
& = (af,al)T, such that &y = (d?,...,d%)T and &y = (af,...,&)"; and b(w) =

n

(bo(w)T, by (w)")T, such that b’ (w) = (B0 (w)T, ..., b%(w)T)T andb™ (w) = (b] (w)7,..., b5 (w)")T,

obtains the smooth function representation given in (2.5). To ensure identifiability while esti-
mating the regression coefficients, the constraint T'é&. = 0 is imposed on &y, where T is a
n x L matrix whose (z‘,lN)th element is given by b?(wi), fori=1,....,n,andl = 1,...,L (see
Wood, 2017, p. 216 for details). Furthermore, the vector of evaluations of s(w) at w;, given by

T, can be written as s = Tég + Eé,, where the E is a n x n matrix with

S = (8(’(1]1), e 78(wn))
(i, )™ element given by b™ (||w; — wj]).

The roughness measure on the smooth function is defined by the following d-variate integral

2
| d
Toals) = s 0%s(w) dwy ... dwe, (2.10)
c !l L Owt L Owee
Vi+...4+ve=d 1

which can be understood as a generalization of the one-dimensional integrated squared second
derivative that appears in Equation (2.7). Moreover, using the results shown in, for example,
Green & Silverman (1993, pp. 143) or Wahba (1990, pp. 33), the roughness measure can also be
written as dIrEd+.

As an example, the TPS representation of a smooth function of two predictors s(wi, ws),

together with a roughness penalty based on second order derivatives can be written as

n
s(wy, we) = &Y + awy + aJws + Z &bl (w),
i=1

c+d71).

3the space of functions where the roughness measure is zero with dimension L = ( .
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where b ([[w — w;[|) = & [lw —w;||* log(||w — w;||), subject to T'é&, = 0, where Tisan x 3

th

matrix whose " row is (1, w14, ws;), for i = 1,...n. The roughness penalty in Equation (2.10)

reduces to

2 2 2
it = [ [ (plise)) o (Zoltl) o (S} g,

The main disadvantage of using TPS in practical terms is that they are computationally costly,
since they require the estimation of as many parameters as observations. Further details on TPS,
their construction, and their theoretical and numerical properties can be found in Green & Silver-
man (1993), Wahba (1990), and Wood (2017).

Thin plate regression splines (TPRS; Wood, 2003) are a low rank approximation to TPS that
retain their good mathematical properties but are computationally efficient, since the number of
operations needed to determine the smooth function is significantly lower than using TPS. The
idea behind the construction of TPRS consists of keeping the bases contained in the first term on
the right-hand side of (2.8), while truncating to a lower dimension l;:, with L < k < n, the n radial
basis functions within the second term on the right-hand side of (2.8). Furthermore, the resulting
approximation has a minimal impact on the formulation of the smoothing problem, that is, on both
the model fit and the penalty functional that determines the shape of the smooth function. To see
this, consider the eigenvalue decomposition of the matrix E given by E = UTAU, where A is
a diagonal matrix of eigenvalues arranged in descending order of magnitude and U is the matrix
containing the corresponding eigenvectors. Wood (2003) then shows that, for a given value k, the
truncated matrix E; = UEA,;U,;, where Uy, contains the first k columns of U and Aj, the first
k largest eigenvalues of A, obtains the best approximation to E in the sense of minimising the
spectral norm ||E — E;||2. His results allow to reformulate the smoothing problem in terms of the
truncated matrices and to obtain a & rank approximation to the TPS with a small approximation
error. The value of % is chosen by the analyst and should be larger than what is believed to be
needed to model the data at hand. For further details, we refer the reader to Wood (2003) and
Wood (2017, pp. 215-219). TPRS are the default splines basis in the popular mgcv (Wood, 2020)
R package.

As anticipated earlier in this section, the semi-parametric ESR model intents to model the ef-
fects of continuous covariates flexibly, without setting a pre-specified assumption about the form

of the effect, using the described penalized regression framework. The flexible specification of the
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additive predictors addresses the problem of residual confounding, which may cause departures
from the distributional assumptions and induced bias in the results (Benedetti & Abrahamowicz,
2004; Pigini, 2015; Radice et al., 2016; Slama & Werwatz, 2005). In the application, it can be
argued that variables such as age, income, and chronic conditions may affect the choice of in-
surance and out-of-pocket expenditures with some degree of non-linearity since they encapsulate
life-cycles effects (Radice et al., 2016; Winkelmann, 2012; Wojty$ et al., 2018). Our findings
in Section 2.6 reveal that these variables exhibit varying degrees of non-linearity, which are not

adequately captured by the classical approach.

2.3 Parameter estimation

In this section, we describe two approaches to estimate the parameters of the semi-parametric ESR
model. In particular, we place into to the current context the penalized two-step formulation of the
SS model presented in Marra & Radice (2013a) and the penalized maximum likelihood estimation
framework of Marra et al. (2017) and Marra & Radice (2019).

Similarly to Heckman’s two-step estimation approach for SS models (Heckman, 1976), Lee
(1976, 1978) proposed a two-step approach for the classical ESR model in which both regime
equations are augmented with correction terms and estimated separately via least squares. Marra
& Radice (2013a) adapted Heckman’s approach to the penalized regression context. Using the
same rationale, the semi-parametric ESR model equations given in Section 2.2 can be re-written

as follows

Yii = mi + €, 2.11)
Y5 = m2i + AMmii) B, + Coi if Y7 >0, (2.12)
Y3i = m3i — AM—=m1:)Bx; + G if Y7 <0. (2.13)

Equation (2.11) represents the model for the switching mechanism and it has the same specification
as Equation (2.2) in the semi-parametric ESR model. The terms 7,,;, for m = 1,2, 3, correspond
to the additive predictors that appear in Equations (2.2)-(2.4), whereas the second terms on the
right-hand side of Equations (2.12) and (2.13) represent the expressions for E[ea; | €1; > —n1;] and
Elesi | €15 < —mi4], respectively. The regression coefficients 5y, = pi1mom, for m = 2,3, are as-

sociated with A\(-) = ¢(-)/®(-), the inverse Mill’s ratio IMR), where ¢(-) and ®(-) are the density
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function (pdf) and distribution function (cdf) of the standard normal. Note that the conditional vari-
ances of the latent variables are given by Var[Yy: | Y75 > 0] = 03 — (p1202)?X(1:) [A(11:) + 114]
and Var[Y3; | Y: < 0] = 03 — (p1303)2A(—n1i) [AN(—n1:) — m] (see, for instance, Greene, 2014,
and references therein). Furthermore, the error terms in Equations (2.12) and (2.13), denoted as
(9; and (3;, have zero conditional mean and are uncorrelated with the covariates encapsulated in
the predictors 72;, 173, and with \(-) (see Lee, 1978, for further details).

Estimation proceeds in two steps: the first stage estimates the parameters in Equation (2.11)
using a GAM with a probit link on the observed switching variable to obtain estimates of the
regression coefficients and construct 7;; = XLBl; the second stage inserts 7);; into Equations
(2.12) and (2.13) and fits two separate GAMs to obtain estimates of the corresponding regression
coefficients. Given the expressions for the conditional variances above, estimates for oy and o3

can be obtained using (Maddala, 1986¢)

Gy = \/@52/”2 + B3,200)T (M) + ] /na

03 = \/C§C3/n3 + B3 A=) [A(=1) — ] /s,

respectively, where fm represents a vector of residuals from the second stage, n,, denotes the
number of observations in the m™ model equation, and B \, corresponds to the estimated regres-
sion coefficient associated with the IMR, for m = 2, 3. Furthermore, estimates of the correlation
coefficients can be obtained using p12 = B \o/02 and p13 = — B \s/ 03 (see, for example, Cameron
& Trivedi, 2005; Maddala, 1986¢; Toomet & Henningsen, 2008a).*

Two-stage approaches in models subject to self-selectivity are easy to implement using avail-
able software and yield consistent estimators under the classical assumptions however, they present
certain drawbacks (see, for example, Puhani (2000) for a review, and Marra & Radice (2013a,b)
for the relevant aspects in the penalized regression context). For instance, estimation of Equa-
tions (2.12) and (2.13) does not take into account the variability associated with estimating the
parameters in the switching equation, leading to incorrect standard errors. Corrections to obtain
the appropriate standard errors are given in Heckman (1979). In the context of binary response in
a semi-parametric SS model, Marra & Radice (2013b) proposed an approach to account for such
variability based on posterior simulation. In Section 2.5, we investigate some of the empirical
properties of the two-stage estimator however, nowadays the two-step method is generally used to

obtain initial values for maximum likelihood approaches.

“Estimates of p1,,, for m = 2, 3, are not restricted to the [—1, 1] range and are truncated in practice.
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Assuming the model is correctly specified, consistent parameter estimates and standard errors
for the binary and the continuous model components can be obtained simultaneously via maximum
likelihood. Given n independent observations, the log-likelihood function of the semi-parametric

ESR model can be written as follows

Y2i — N2 N + p12 (Y2i — 12i) /o2
¢( o2 ) +10g[q)< V1= pt >]}

¢(y3i_773i> flog |1 @ M + p13 (Ysi — 1) /03 ’
o3 1 — py

(2.14)

((B) :Zyu {log oy '+ log

i=1

n

+Z(1 — Y1) {log031 + log

i=1

where 1,5, for m = 1,2, 3, are the semi-parametric additive predictors defined in the previous
section and the overall parameter vector is given by 3 = (81, 84, ,6;, 02,03, p12,p13)] € RP,
where p = 4 + anzl Pm and 3, € RP™_ Note that the parameters o,,, and p1,,, are transformed
for optimization to keep their domain on the real line, specifically, o}, = logoy,, and pj,, =
tanh*l(plm) = %log (%), for m = 2,3 (Marra & Radice, 2013a). Also note that the
trivariate normality assumption given in Section 2.2 is not actually needed for estimation since the
likelihood function can be derived assuming bivariate normality of the pairs (€1;, €2;) and (€14, €3;)
(Smith, 2003). The derivation of the likelihood function is given in Appendix A.1.

Simply maximising the log-likelihood function in a penalized regression context will result
in over-fitting of the smooth terms and the likelihood is regularized by imposing a roughness
term that penalizes the fit (Green & Silverman, 1993; Marra & Radice, 2013a; Marra et al., 2017;

Wood, 2017). The penalized maximum likelihood estimate (PMLE) is the value that maximises

the penalized log-likelihood, that is,

B = argmax (,(8) = arg max {£(8) — P(B,\)},
BERP BERP

where ¢,(3) represents the penalized log-likelihood and P(3, A) denotes an overall quadratic
penalty given by P(3,\) = % B7S,\B3. The matrix S, is a block-diagonal overall penalty matrix
which contains each of the penalty matrices associated with the m"™ model equation, given in
Section 2.2.1, written as Sy = diag(S1,S2,S3,0,0,0,0). The smoothing parameters embedded
into the matrices S,,, for m = 1,2, 3, can also be assembled into an overall penalty vector given
by A = (A], A, Xg)T. For further details on setting up the penalty terms in a penalized regression

context see, for example, Marra & Radice (2013a,b, 2021) and Wood (2017).
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The model penalized gradient and penalized Hessian are defined as follows

g,(8) = 03 =g(B) —S\B
and
0%
Hol) = U H(B) ~ S,

where the vector g(3) and the matrix H(3) correspond to the gradient and Hessian of the unpe-

nalized log-likelihood given by

g(8) — [2UB)T 2UB)T DUB)T DUB) OUB) OUB) OLB) !
0B 1 0B 9By " Doy’ Doy " Opiy " Opis

and
2B BB 8UB) B 8B 9%(B) 9%(B)
0B10B]  0B10BY 9B108Y 0B100;  0B100;  OB10pi, 0B10p75
PuB) o PUB) o 0B) 0
982087 9B2005 98200,
20B) g BB 24(8)
0B308% 0B3003 0B30p73
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respectively. Their analytical expressions are derived in Appendix A.2.

Estimation of the vectors 3 and A proceeds by using the iterative approach proposed by Marra
et al. (2017) and Marra & Radice (2019), implemented in the SemiparBIV. fit function and
several internal routines of the GJRM package (Marra & Radice, 2021). At iteration a, the first
step holds the smoothing parameter vector fixed at Alel and optimises the penalized log-likelihood
using a trust-region procedure to obtain 311 the second step holds the overall parameter vector
fixed at B@T1 and minimises a prediction error criterion to obtain A%, These two steps are
iterated until [ e

0.14¢(Bla+1)|
are obtained using the penalized two-stage method described earlier in this section. The following

< 1077 is satisfied. Initial values for the overall parameter vector

two subsections describe their estimation approach in detail.
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Step 1: Estimation of 3

Given some initial values B[, the trust-region procedure is an iterative approach that obtains
a sequence of guess-estimates Bl ... Bl . that converges to an estimate for the parameter
vector 3 based on the assumption that there is a ‘suitable neighbourhood’ or region around the
current guess-estimate 3[% in which the penalized log-likelihood is adequately represented by a
quadratic approximation.

In contrast to line search methods, which first determine the search direction and then com-
pute the step length that obtains the best improvement, the procedure first establishes an upper
bound in the step length and then finds an improvement within that region. As pointed out by
Braun (2014), restricting the search for the next guess-estimate this way makes the trust-region
approach appropriate for optimizing non-concave functions or those that contain regions that are
nearly flat. The procedure is then particularly suitable in this context since the log-likelihood func-
tion of models with self-selectivity are not globally concave in general (Toomet & Henningsen,
2008a; Pigini, 2015). Furthermore, the absence of a variable that fulfils the exclusion restriction
assumption may lead to a near-flat likelihood function over a relatively wide interval around its
mode (Marra & Radice, 2011, 2013a). Trust-region algorithms have been successfully applied to
graphical models (Hunter et al., 2008), beta-binomial regressions (Martin et al., 2020), difference-
in-differences methods (Sant’Anna & Zhao, 2020), and in several models that fit simultaneous
systems of equations (for example, Gomes et al., 2019; Marra & Radice, 2013a; Wojtys et al.,
2018, among others).

To fix ideas, at iteration a the trust-region approach proceeds on the basis of the following

quadratic approximation of the penalized log-likelihood around the current parameter vector Bl

1
Ql(q) = 6,(8")) + g, (8“)) + Sa Hp(B)a. (2.15)
)y _ 96(8) [y _ 9%6(8) , ,
where g,(8) = 55 gl and H,(BY) = 980" gl are the penalized gradient and

penalized Hessian evaluated at the current guess-estimate of the parameter vector, and q = 3 —
Blel € RP. The ‘suitable neighbourhood’ around Bl% corresponds to the trust-region at iteration
a, which is defined as a ball of radius (% centred at 819, ie., 719 = {3: |8 — Bl4l|| < rl*l}. The
radius 7% can be understood as the bound of the trial step at the current iteration, and is updated

at each iteration.
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The algorithm then solves the following constrained optimization sub-problem

4! = argmin —Q1)(q),
qeTlal
that is, (1[“} is the value that minimises the quadratic approximation of the penalized negative log-
likelihood within the trust-region 7719 at the current iteration a.
The acceptance of the trial step (1[“] and the update of the trust-region radius are based on the

evaluation of the following ratio (Nocedal & Wright, 2006)

wlal — 6(B) — £,(8 + q“)

Qlal(glaly — Qlal(glal 4 glahy’
where the numerator reflects the reduction in the penalized log-likelihood, and the denominator
shows the reduction in the penalized log-likelihood when approximated by the quadratic function
given in (2.15). Values of #lal close to 1 indicate that the current best solution Blot1 = glal 4
(1[“] provides a satisfactory decrease in the value of the penalized negative log-likelihood (that
is, 0l7l(Bl1]) is a good representation of £,(3!9])), the trial step is accepted, and the radius of
the trust-region can be increased at the next iteration. When 7% is negative or close to zero, the
approximation Q!(3[9]) is a poor representation of 4, (B )Y, the trial step G/ is discarded, and
the radius of the trust-region (¥ is reduced. In other cases, (% is not modified and the algorithm
proceeds to the next iteration. Note that, for a sufficiently large number of iterations, Nocedal &
Wright (2006, pp. 92) show that the bound set by the trust-region constraint becomes irrelevant
and the algorithm behaves as the classic Newton-Raphson approach.

A graphical illustration of the main ideas behind trust-region methods applied to an objective
function of two variables is given in Figure 2.1 (Nocedal & Wright, 2006, pp. 67). Further in-
formation and theoretical details of the approach can be found in Conn et al. (2000) and Nocedal
& Wright (2006, chapter 4). The R implementation is provided by the t rust package (Geyer,
2015).

Step 2: Estimation of \

As anticipated in Section 2.2.1, efficient estimation of the smoothing parameters is a pivotal step
in the penalized regression framework. Without being exhaustive, and following Wood (2017),
automatic smoothing parameter estimation can be approached by choosing either a likelihood- or

a model selection-based criterion which can then be applied to the model itself, or to a working
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Trust region T . Line search direction

contours of the
quadratic approximation

contours of the
objective function

Figure 2.1: Graphical illustration of the trust-region approach applied to an objective function of two variables (black
line —). The trust-region algorithm constructs a region of trust (dotted red line ==+ ) around the current guess-
estimate where it is believed that a quadratic approximation (dashed blue line ==-) represents well the objective
function. Bounding the step-length to be contained within the trust-region avoids searching too far from the current
guess-estimate and generally provides a better progress towards the minimum. Figure adapted from Nocedal & Wright
(20006).

model derived from the previous estimation step. Likelihood-based methods result from taking the
mixed model representation of the penalization process, where smooth functions are understood
as random effects and smoothing parameters as variance components, and estimation proceeds via
maximum likelihood or restricted maximum likelihood (see, for example, Ruppert et al., 2003;
Wood et al., 2016). On the other hand, model selection-based approaches estimate the smoothing
parameters by minimising a particular prediction error criterion that quantifies the model perfor-
mance, usually based on an estimate of the mean squared error, such as generalized cross valida-
tion (GCV) or the unbiased risk estimator (UBRE; Craven & Wahba, 1978). A thorough review
of these approaches can be found in Wood (2017).

In the present context, the smoothing parameter vector A is estimated using an UBRE-like cri-
terion based on a parametrization of the working model that results from the trust-region iteration
using the approach of Marra et al. (2017) and Marra & Radice (2019) as described next.

First, note that at convergence of the previous step, a first order Taylor series expansion of

the penalized gradient gp(ﬁ [““]) about B9 obtains the following expression for the next guess-

estimate of the parameter vector (Marra et al., 2017; Marra & Radice, 2019)

gl = {3 + 8, ) {—a(a)} " 40, 2.16)

where

g(Bl) (2.17)
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1/2 ~1/2
is a pseudo-data vector or working variable, and the matrices {—’H( Blal) } and {—’H( Bl )}

denote the square root of the observed information matrix and its inverse, respectively. It is tacitly
assumed that the Hessian matrix is positive definite or that it can be perturbed to positive definite-
ness during the fitting process (see, supplementary material A of Marra et al., 2017).
Using results from likelihood theory (for example, Pawitan, 2013, p. 92) note that {—’H( B) } 12 g(8) ~
N(0,1), where I is an identity matrix. This result implies that the pseudo-data vector is normally
distributed with expectation E[z] = {—H(83) }1/ * B = p, and variance Var[z] = L

Letting f1, = {—’H(B) } s B = Axz be the predicted value of p,, where Ay = {—'H(B) } i
{—%(B) +S )\}—1 {—’H(B)}I/Q corresponds to an influence matrix, the smoothing parameter

vector A is estimated by minimising the following expected mean squared error criterion (Marra

et al., 2017; Marra & Radice, 2019)

1 . _ _ 1=
E<n Huz—uz\Q) =n"'E|lz — Axz|® + 2n 'tr(Ay) —n 'K, (2.18)

where tr(Ay) = tr {—’H(B) {—’H(B) + S,\}_l} defines the model effective degrees of free-
dom (edf), and K is the total number of parameters. Note that this definition of edf can be used to
obtain the Akaike information criterion (AIC) and Bayesian Information Criterion (BIC) defined
as AIC = —20(83) + 2edf and BIC = —2¢(3) + log(n)edf (Hastie & Tibshirani, 1990; Marra &
Radice, 2019; Wood, 2017, pp. 301).

In practical terms, given the guess-estimate 3%+ from Step 1, the smoothing parameters are

obtained by minimizing an estimate of the expression in Equation (2.18), that is,

At = are min V() = arg min |29 — Axz0 |2 4+ 20(Ay) - K, (2.19)
A A

which is solved using the Newton approach proposed by Wood (2004) and implemented by the
magic function of the mgcv package (Wood, 2020). As explained in Marra et al. (2017), this
approach to smoothing parameter selection is efficient and computationally stable. Furthermore,
minimising the mean squared error criterion V() is also equivalent to minimising an approximate

Akaike information criterion (Marra & Radice, 2019).



27 2.4. Some inferential results

2.4 Some inferential results

We describe next some inferential results that stem from the Bayesian interpretation of the smooth-
ing process (Marra et al., 2017; Marra & Radice, 2019; Wahba, 1978; Wood, 2017; Silverman,
1985) and can be applied to the current context. Under this view, the overall penalty term 87S,8
corresponds to the assumption of setting a prior density on 3, that is, f(3) exp(—% B7S,3) or,
equivalently, 3 ~ N(0,S} ), where S denotes the pseudo-inverse of Sy. The penalized maxi-
mum likelihood estimate ,@ corresponds to the posterior mode and, assuming a fixed value of A,

inference proceeds using the large sample approximation to the posterior (Wood et al., 2016)

Bly~N(B,Vg) (2.20)

where Vg = {—’H(B) +S ,\} ' denotes the Bayesian posterior covariance matrix for the model
parameters (for further details see, for example, Wood, 2017; Wood et al., 2016, and references
therein). Assessments of uncertainty and tests of hypothesis about linear and non-linear functions
of the parameters are then derived based on the covariance matrix in (2.20) instead of its frequentist
counterpart as we describe next.

Point-wise Bayesian credible intervals (Wahba, 1983) for smooth model components can be

constructed using

(gmpm (wmﬁml) - Z§/2 V Umf)miv gmpm (wmﬁml) + Z§/2 V vmpml) Z = 17 M 7n7

where $mp,,, (Wmp,i) = by, (Winpri) Cmp,,, is the estimated smooth function, z /2 corresponds
to the 100(1—¢/2) percentile of the standard normal, and v,,p,,; = bl@m (Winpmi) Y &nmpr, Pripm (Winpmi)s

where V denotes the portion of the Bayesian covariance matrix corresponding to the regres-

Qmpm
sion parameters in the " smooth term of the m™ model equation. Nychka (1988), Marra &
Wood (2012), and Marra & Radice (2019) showed that intervals for the smooth model components
constructed using the Bayesian approach have closer to nominal coverage probabilities, when in-
terpreted ‘across-the-function’ rather than pointwise, than those constructed using the frequentist

results. Approximate credible intervals for non-linear functions of the parameters in the model

can be constructed using simulation via the following steps (Radice et al., 2016)
CIL.1 draw n* vectors {3; ?:*1 from the posterior distribution in (2.20),

CIL.2 compute the function of the parameters of interest {h(3;)}1,
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CIL.3 obtain the approximate 100(1 — ¢)% credible intervals for h(3) using the lower
5/2 and upper 1 — /2 quantiles of {h(3})}%,.

Hypothesis testing about model components being equal to zero follow from the results shown
in Wood (2012), Wood (2017, pp. 304-315), and the extension of Marra (2013). For instance,
letting vy, denote a sub-vector of p; parametric components from the m™ model predictor, and

\" the corresponding portion of the Bayesian covariance matrix then, under the null hypothesis

Gmp;

Ho: aump, = 0, it holds that approximately,

AT -1 A C2
ampjvcimpj Cemp; ™~ Xp;

provided Vg, is not singular. Single-parameter hypothesis can also be re-written by using the
J
standard normal as the reference distribution for the test. Moreover, testing whether a smooth term

can be included in the model, i.e. Hy: s;,,5,, = 0, can be achieved using the following test statistic

(Wood, 2012)
AT A

— . 2
smﬁm VSmlﬁm Smpm ~ erﬁnL ’

where 8mp,. = (8mp,, (Wmp1), - - - » Smpn, (Wmp,,n)) > the matrix Vs, corresponds to the pseudo-

T
mpm>

inverse of V = memV,gf( and imﬁm is a matrix such that s,,5,, = mem B. The

Smpm

degrees of freedom are computed as follows (Marra, 2013; Wood, 2012)

Ledfmp,, | if edfpmp,, — |€dfmp,,] < 0.05,
Tmpm =

ledfmp., | +1  otherwise,

where | -] represents the floor function and edf,,,, denotes the effective degrees of freedom asso-
ciated with the p,,, smooth term in the m™ model equation. For further details on the justification
and construction of the test statistic, the derivation of its distribution, and the rationale behind the
calculation of 7,,5,,, see Wood (2012).

The aforementioned inferential results are implemented in several routines from the GJRM

(Marra & Radice, 2021) and mgcv (Wood, 2020) packages.
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2.5 Simulation study

In this section, we perform several Monte Carlo experiments in order to (i) investigate the em-
pirical properties of the semi-parametric approaches to estimation and compare them to those
obtained using their classical parametric counterparts, (ii) assess the consequences of not account-
ing for non-linear effects flexibly, and (iii) evaluate the robustness of the results in the absence of
the exclusion restriction assumption.

We generate the data using the observation rules given in (2.1) and the following specification

of the switching mechanism and regime equations

Y1 = Pro + Privi + s11(w1;) + s12(we;) + €14,
Ya; = P20 + Po1vi + s21(wi;) + €24,

y3; = P30 + B310; + s31(w1;) + €34,

where (319 is set to either —3.05, —1.4, or —0.15 in order to assign, approximately, 20%, 40%,
or 60% of observations to the first regime, while the values of 311, 829, 821,830 and (31 are
set to 1.2, 2.2, 1.3, 1.5, and 2.1, respectively. Following Marra & Radice (2011) and Marra
& Radice (2013a), the covariates entering each additive predictor are obtained by first drawing
(v, wik, wi*)"_ | from a trivariate normal distribution with zero mean and correlation coefficients
equal to 0.5, and then transforming them into uniformly distributed variables on the unit interval,
using the cdf of the standard normal distribution, to obtain (v}, w1, wo;);" ;. Furthermore, the
variable v} is transformed into a binary variable using the following rule v; = 1(v} > 0.5), Vi.
Their procedure obtains a binary and two continuous on (0, 1) variables with correlation coeffi-
cients approximately equal to 0.5. Note that the variable wo is used to fulfil the exclusion re-
striction assumption. We further set oo = o3 = 1, while the correlation coefficients between
the selection equation and the two regimes, p12 and pi3, are set to different combinations of

{0.2,0.4,0.6,0.8}. Lastly, the non-linear associations in the model equations are given by

s11(w1) =1 — w? — 2exp(—180w?) — 2.3 sin(4.9w,),
s12(wg) = —0.2(—0.3 — 1.3wy + cos(bws)),
s91(w1) = wy + exp[—32(w; — 0.5)?],

s31(wy) = 0.3 4+ w1 + exp[—30(w; — 0.35)7],



30 2.5. Simulation study

whose graphs are shown in Figure 2.2. The data generating process corresponds to an endogenous
switching regression model where the endogenous switching variable is observed without error.
Note that the simulation experiments and the construction of the data generating process are similar
to those that appear in Marra & Radice (2011) and Chib & Greenberg (2007) in the context of
endogenous dummy variable models; and in Marra & Radice (2013a) in the context of sample

selection models.
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Figure 2.2: Graphs of the smooth functions representing non-linear effects used in the simulation study. Top left:
s11(wi) = 1 —wi — 2exp(—180wi) — 2.3sin(4.9w1). Top right: s12(w2) = —0.2(—0.3 — 1.3w2 + cos(5ws).
Bottom left: s21(w1) = w1 4 exp[—32(w1 — 0.5)%]. Bottom right: s31(w1) = 0.3 + w1 + exp[—30(w1 — 0.35)7].

We perform N = 200 repetitions® for all different combinations of the values assigned to
B10, p12, and p13 with sample sizes of n = {3000, 5000, 10000}, with and without the exclusion
restriction assumption. We then estimate the parameters using: the semi-parametric approaches
described in Section 2.3 via penalized maximum likelihood and penalized two-stage estimation,
denoted as SML and S2S; and the classical maximum likelihood and two-stage methods, denoted
as CML and 2S. The CML and 2S approaches are implemented in the sampleSelection
package (Toomet & Henningsen, 2008b), where we have used third-order polynomials to model
non-linear terms.

We summarise next a subset of the simulation experiments. In particular, we report the results

for scenarios where the switching mechanism assigns approximately 40% of observations to the

>The number of repetitions is based on previous simulation studies from the literature (see, for example, Marra &
Radice, 2011, 2013a). A more principled approach to choose the number of replications can be considered using the
guidelines from Morris et al. (2019) and Boos & Stefanski (2013). For instance, focusing on the bias as a performance
measure of the estimation method; using an initial run of Ng = 50 repetitions to compute the preliminary estimates of
the standard deviations for the estimated parameters of interest (say pi12 and p13) for the simulation scenario where their
true values are pi12 = 0.4 and p13 = 0.6 and the sample size is n = 10000; and aiming for a Monte Carlo standard
error of 0.003 yields N ~ 135 and N ~ 282 repetitions.
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first regime (8190 = —1.4), the parameter p1, takes values in {0.4,0.6,0.8} and the value of p;3
is fixed to 0.6. Figures 2.3 and 2.5 show boxplots of the estimates of 5,,1, 0, and p1y,, for
m = 2,3, for experiments with and without an exclusion restriction. Figures 2.4 and 2.6 show
the true smooth functions and the average mean effect estimates (solid lines) of s,,1(w1), for
m = 2, 3, together with the 5% and 95% point-wise quantiles (shaded areas), for experiments with
and without an exclusion restriction. For clarity, we only show the results of the estimated smooth
effects obtained using the semi-parametric methods since the classical approaches fail to capture
non-linearities adequately. In addition, Tables 2.1 and 2.2 summarise the subset of results in terms
of relative bias and root mean squared error (RMSE) for the aforementioned model components.®

The main findings are as follows:

e Overall, the boxplots show that estimates obtained using the semi-parametric methods are
close to their true values and are less variable as the sample size increases for experiments
with and without an exclusion restriction. Except for a few instances, the semi-parametric
approaches tend to outperform their parametric counterparts in terms of relative bias and

RMSE.

e In terms of the regression coefficients, 821 and (31, both semi-parametric approaches per-
form better than their classical counterparts in scenarios with and without an exclusion re-
striction. The best results in term of bias and RMSE are given by the SML method. More-
over, the classical approaches appear to underestimate 27 and overestimate (331 slightly.
This may be due to residual confounding since the effect of the continuous variable w; is
not flexibly modelled in the CML and 2S approaches. The S2S method appears to obtain
similar, and in several occasions less biased, results than the CML. In experiments without
an exclusion restriction, estimates from the CML, S2S, and 2S are generally more biased,

in particular those for 91 with relatively low values of p1s.

e In the case of the standard deviations, o9 and o3, and for experiments with and without
an exclusion restriction, both maximum likelihood approaches deliver less biased estimates
than their two-steps counterparts. The SML approach obtains the best overall results, except

in experiments with a relatively low correlation coefficient between the selection equation

®The bias and RMSE of 4,1(w1),m = 2,3, are obtained by evaluating the true and estimated smooth func-
)

tions on a 200 points grid over (0, 1) using bias{8m1(w1)} = 555 > a5 Z?iol $m1,5 (w1i) — $ma(w1;)| and

RMSE{$n1(w1)} = 555 121 \/ 35 2o [$m1,5 (w1i) — sma (wi)]2, for m = 2,3. (Marra & Radice, 2013a,

2019; Wiesenfarth & Kneib, 2010).
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and the first regime (p12 = 0.4), where the CML method performs slightly better in terms
of precision. Nevertheless, the CML approach appears to underestimate oo but overestimate
o3, slightly. Lastly, the S2S method tends to perform better than its classical counterpart
in terms of relative bias, where the latter seems to underestimate the true values of both
parameters as the correlation values increase. However, the 2S approach tends to deliver

better RMSE results.

With respect to the correlation coefficients, p12 and p;3, the SML method obtains the best
results overall. Furthermore, the S2S approach generally performs better than both classical
approaches in terms of relative bias. Both CML and 2S methods appear to slightly under-
estimate the value of p12. Omitting the exclusion restriction does not seem to affect much
the estimates obtained using the semi-parametric approaches however, they are more biased

when obtained using the parametric methods.

With regard to the smooth components, s21(w;) and s31 (w1 ), Figures 2.4 and 2.6 show that
non-linear terms are appropriately recovered by the semi-parametric methods and that the
SML outperforms the S2S in terms of relative bias and RMSE. As expected, the classical
approaches fail to capture the true non-linear effects (not shown in the plots for clarity) and

the estimates are severely biased.

In summary, the simulation experiments suggest that (i) the semi-parametric approaches have

competitive empirical properties when compared with their parametric counterparts; (ii) the im-

portance of flexibly modelling non-linear effects and the detrimental effect that they may have in

the results; and (iii) the effect of the exclusion restriction on parameter estimates, in particular, for

the 2S framework. Similar results have also been reported in Chib & Greenberg (2007) and Marra

& Radice (2011, 2013a).
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Figure 2.3: Boxplots of the estimates of the regression parameters, 321, 531, standard deviations o2, o3, and correlations
coefficients, p12, p13, for experiments with an exclusion restriction where 40% of the observations are allocated to the
first regime, p12 takes values in {0.4, 0.6, 0.8}, p13 is fixed at 0.6, with sample sizes of n € {3000, 5000, 10000}. The
real value of each parameter is indicated by a dashed line in each sub-plot. SML and S2S represent the semi-parametric
penalized maximum likelihood and penalized two-step approaches, whereas CML and 2S denote the maximum likeli-

hood and the two-stage classical approaches.
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Figure 2.4: Mean estimates of s21 (w1 ) (top row) and s31 (w1) (bottom row) obtained using the SML (semi-parametric
maximum likelihood, in red) and S2S (semi-parametric two-step, in blue) approaches for experiments with an exclusion
restriction with sample sizes of n = 3000 (left column), n = 5000 (middle column), and n = 10000 (right column).
The switching mechanism allocates 40% of the observations to the first regime, and the values of p12 and p13 are fixed
to 0.4 and 0.6, respectively. The solid lines represent the average of the estimated smooth effects, while the shaded
areas contain the 95% point-wise inner quantiles. The true functions are represented by dashed lines.
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Relative bias RMSE Relative bias RMSE

p12  method In 3000 5000 10000 3000 5000 10000 3000 5000 10000 3000 5000 10000

fa1 Bs1
0.4 SML 0.0093 0.0023 0.0022  0.0869 0.0699  0.0489 0.0028  -0.0006 0.0037 0.0612 0.0478  0.0309
CML -0.0376  -0.0431  -0.0396 0.1063 0.0942 0.0744 0.0033 0.0025 0.0082 0.0704 0.0496 0.0364
S28 0.0234 0.0076 0.0079  0.1069  0.0801  0.0602 0.0038 0.0028 0.0083 0.0869 0.0745 0.0507
28 -0.0188  -0.0282  -0.0260 0.1094 0.0890 0.0696 0.0042 0.0070 0.0152 0.0973 0.0796 0.0615
0.6 SML 0.0024 0.0038 0.0053  0.0721  0.0579  0.0426 0.0015 0.0004 0.0029  0.0627  0.0457  0.0345
CML -0.0397  -0.0337 -0.0306 0.0977 0.0775 0.0625 0.0033 0.0037 0.0076  0.0684 0.0480 0.0390
S28 0.0138 0.0118 0.0072  0.1014 0.0853  0.0589  -0.0004 0.0035 0.0058 0.0923  0.0734  0.0495
28 -0.0327  -0.0323  -0.0297 0.1141 0.0961  0.0737 0.0023 0.0069 0.0130 0.1008 0.0782  0.0578
0.8 SML 0.0011  -0.0001 0.0026 0.0701  0.0515  0.0363 0.0030  -0.0010 0.0017  0.0660 0.0466 0.0316
CML -0.0240  -0.0222  -0.0194 0.0788 0.0613  0.0462 0.0040 0.0019 0.0056  0.0723  0.0508 0.0379
S28 0.0137 0.0089 0.0085 0.1058 0.0777 0.0546 0.0065  -0.0020 0.0040 0.0939 0.0717 0.0456
28 -0.0393  -0.0335 -0.0322 0.1187 0.0927 0.0679 0.0091 0.0040 0.0103  0.1006 0.0767  0.0545

G2 g3
0.4 SML 0.0019 0.0004 0.0005 0.0263 0.0191 0.0140 0.0003  -0.0011 0.0016 0.0201 0.0160 0.0116
CML -0.0010 -0.0021  -0.0025 0.0241 0.0177 0.0132 0.0141 0.0139 0.0180 0.0249 0.0219  0.0220
S28 0.0105 0.0036 0.0032 0.0376  0.0240 0.0162 0.0043 0.0041 0.0065 0.0322 0.0274 0.0199
28 -0.0066  -0.0077  -0.0084 0.0225 0.0178 0.0139 -0.0156 -0.0157 -0.0136  0.0228 0.0212 0.0167
0.6 SML -0.0001 0.0021 0.0018  0.0238  0.0199 0.0145 0.0008 0.0008 0.0021  0.0206 0.0173  0.0118
CML -0.0080  -0.0059 -0.0054 0.0248 0.0212 0.0154 0.0149 0.0168 0.0181  0.0267 0.0249 0.0219
S28 0.0099 0.0088 0.0039  0.0416  0.0322  0.0205 0.0028 0.0058 0.0056  0.0349 0.0277 0.0204
28 -0.0286  -0.0275 -0.0283 0.0346  0.0320 0.0306 -0.0157 -0.0140 -0.0136 0.0236  0.0198 0.0170
0.8 SML 0.0001 0.0010 0.0006 0.0241 0.0187 0.0126 0.0015  -0.0005 0.0000 0.0221  0.0176  0.0108
CML -0.0073  -0.0046  -0.0049 0.0267 0.0209 0.0142 0.0155 0.0143 0.0157  0.0281 0.0238  0.0197
S28 0.0124 0.0087 0.0056  0.0465 0.0343 0.0236 0.0075 0.0009 0.0029 0.0362 0.0258 0.0169
28 -0.0599  -0.0579  -0.0587 0.0636 0.0601 0.0597 -0.0131 -0.0159 -0.0151 0.0230 0.0215 0.0177

P12 P13
0.4 SML 0.0633 0.0211 0.0231  0.1202  0.0953  0.0656 0.0200 0.0061 0.0158 0.0751  0.0583  0.0392
CML -0.3522  -0.3853  -0.3654 0.2118 0.1990 0.1704 -0.0608 -0.0547 -0.0306 0.1083 0.0743  0.0492
S28 0.1572 0.0553 0.0637 0.1900 0.1331  0.0968 0.0190 0.0270 0.0525 0.1693 0.1420 0.1021
28 -0.1985  -0.2640  -0.2533  0.2197 0.1799 0.1467  -0.0237 0.0186 0.0699 0.2116 0.1687 0.1275
0.6 SML 0.0251 0.0153 0.0170  0.0774  0.0598  0.0417 0.0211 0.0153 0.0142  0.0779  0.0605  0.0399
CML -0.2260 -0.2210 -0.2104 0.1897 0.1607 0.1407 -0.0504 -0.0439 -0.0362 0.0983 0.0747 0.0511
S28 0.0644 0.0471 0.0250 0.1733  0.1347 0.0903  -0.0101 0.0330 0.0349  0.1739  0.1460  0.1019
28 -0.1700  -0.1934  -0.1842 0.2415 0.2026  0.1563  -0.0290 0.0210 0.0520 0.2136 0.1736  0.1234
0.8 SML 0.0162 0.0067 0.0037  0.0397 0.0284 0.0215 0.0141 0.0061 0.0061  0.0773  0.0633  0.0434
CML -0.1174  -0.1177  -0.1200  0.1145 0.1063  0.1020 -0.0709  -0.0606  -0.0519 0.1117 0.0860 0.0613
S28 0.0190 0.0132 0.0170  0.1013  0.0842  0.0691 0.0243  -0.0073 0.0233  0.1671 0.1412  0.0994
28 -0.1356  -0.1157 -0.1216  0.2063  0.1741  0.1422 0.0077  -0.0011 0.0325 0.2076  0.1706  0.1188

821 (w1) 531 (w1)

0.4 SML 0.0394 0.0305 0.0234  0.1367 0.1117  0.0815 0.0150 0.0127 0.0094 0.1115 0.0843  0.0631
CML 0.2715 0.2686 0.2669  0.3176  0.3032  0.2861 0.1776 0.1744 0.1658 0.2226  0.1967 0.1802
S28 0.0572 0.0387 0.0314 0.1739  0.1305 0.0961 0.0140 0.0139 0.0221 0.1568  0.1306 0.096
28 0.2457 0.2479 0.2478 0.3170  0.2940 0.2763 0.1910 0.1785 0.1657 0.2765 0.2336 0.2014
0.6 SML 0.0398 0.0325 0.0178  0.1209  0.0931  0.0666 0.0175 0.0077 0.0105  0.1172  0.0873  0.0611
CML 0.2662 0.2608 0.2585 0.3119 0.2870 0.2744 0.1690 0.1680 0.1618 0.2165 0.1946 0.1753
S28 0.0546 0.0440 0.0220 0.1695 0.1308  0.0909 0.0172 0.0138 0.0171  0.1729  0.1354  0.0944
28 0.2588 0.2610 0.2597  0.3324  0.3087 0.2863 0.1886 0.1776 0.1663  0.2790 0.2381  0.1988
0.8 SML 0.0338 0.0262 0.0191  0.1024 0.0812  0.0604 0.0129 0.0114 0.0092 0.1151  0.0910 0.0602
CML 0.2463 0.2467 0.2442  0.2805 0.2686 0.2576 0.1668 0.1648 0.1664 0.2157 0.1934 0.1814
S28 0.0499 0.0388 0.0282  0.1513  0.1175  0.0867 0.0185 0.0126 0.0089 0.1656 0.1308 0.0888
28 0.2707 0.2658 0.2659 0.3306 0.3082  0.2904 0.1761 0.1794 0.1755 0.2621 0.2381 0.2075

Table 2.1: Relative bias and RMSE for 12, 813, 62, 63, P12, P13, and smooth functions estimates 321 (w1) and 831 (w1),
for experiments with an exclusion restriction where 40% of the observations allocated to the first regime, p12 takes
values in {0.4,0.6,0.8}, p13 is fixed at 0.6, with sample sizes n € {3000, 5000,10000}.The lowest relative bias
and RMSE values for each combination of the correlation coefficients and the sample sizes are in bold. SML and
S2S represent the semi-parametric penalized maximum likelihood and penalized two-step approaches, whereas CML
and 2S are the maximum likelihood and the two-stage classical approaches. The true values of the parameters are
P21 = 1.3,831 = 2.1,00 = 03 = 1, p12 € {0.4,0.6,0.8}, and p13 = 0.6. The true smooth functions are s21(w1) =
w1 + exp[—32(w1 — 0.5)?] and s31(w1) = 0.3 + w1 + exp[—30(w;1 — 0.35)].
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Figure 2.5: Boxplots of the estimates of the regression parameters, 321, 531, standard deviations o2, o3, and correlations
coefficients, p12, p13, for experiments without an exclusion restriction where 40% of the observations are allocated to
the first regime, p12 takes values in {0.4, 0.6, 0.8}, p13 is fixed at 0.6, with sample sizes of n € {3000, 5000, 10000}.
The real value of each parameter is indicated by a dashed line in each sub-plot. SML and S2S represent the semi-
parametric penalized maximum likelihood and penalized two-step approaches, whereas CML and 2S denote the maxi-
mum likelihood and the two-stage classical approaches.
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Figure 2.6: Mean estimates of s21 (w1 ) (top row) and s31 (w1) (bottom row) obtained using the SML (semi-parametric
maximum likelihood, in red) and S2S (semi-parametric two-step, in blue) approaches for simulation experiments with-
out an exclusion restriction and sample sizes of n = 3000 (left column), n = 5000 (middle column), and n = 10000
(right column). The switching mechanism allocates 40% of the observations to the first regime, and the values of p12
and pi3 are fixed to 0.4 and 0.6, respectively. The solid lines represent the average of the estimated smooth effects,
while the shaded areas contain the 95% point-wise inner quantiles. The true functions are represented by dashed lines.
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Relative bias RMSE Relative bias RMSE

p12  method In 3000 5000 10000 3000 5000 10000 3000 5000 10000 3000 5000 10000

fa1 Bs1
0.4 SML 0.0072 0.0000 0.0047  0.0967 0.0704 0.0534 0.0016  -0.0008 0.0032  0.0655 0.0483  0.0310
CML -0.0523  -0.0596 -0.0510 0.1267 0.1186  0.0922 0.0018 0.0019 0.0076  0.0729  0.0502  0.0353
S28 0.0309 0.0129 0.0133  0.1221  0.0907 0.0713 0.0088 0.0027 0.0093  0.0975 0.0765 0.0539
28 -0.0297  -0.0385 -0.0370 0.1287  0.1092  0.0853 0.0040 0.0041 0.0141 0.1063  0.0850  0.0655
0.6 SML 0.0027 0.0049 0.0053  0.0721  0.0595  0.0433 0.0021  -0.0001 0.0023  0.0654  0.0440 0.0325
CML -0.0552  -0.0458 -0.0384 0.1303 0.1055 0.0719 0.0021 0.0028 0.0064 0.0793  0.0470  0.0363
S28 0.0248 0.0231 0.0106 0.1144 0.1010  0.0687 0.0056 0.0058 0.0052  0.0928 0.0754  0.0497
28 -0.0425  -0.0388  -0.0431 0.1371 0.1122  0.0904 0.0022 0.0043 0.0093  0.1001 0.0826 0.0577
0.8 SML -0.0002 0.0015 0.0024 0.0705 0.0516 0.0371 0.0013  -0.0012 0.0017 0.0736  0.0466  0.0315
CML -0.0293  -0.0242 -0.0244 0.0871 0.0636  0.0513 0.0005 0.0008 0.0047 0.0817 0.0544 0.0372
S28 0.0221 0.0164 0.0131 0.1191 0.0864 0.0617 0.0093  -0.0009 0.0067 0.1011  0.0735 0.0482
28 -0.0491 -0.0424  -0.0431 0.1402  0.1071 0.0837 0.0049 0.0021 0.0088  0.1095 0.0807 0.0563

G2 g3
0.4 SML 0.0020 0.0007 0.0010 0.0275 0.0194 0.0150 0.0006 -0.0020 0.0013  0.0200 0.0165 0.0117
CML -0.0028  -0.0033  -0.0049 0.0241 0.0179  0.0143 0.0148 0.0133 0.0183 0.0256 0.0219 0.0224
S28 0.0162 0.0080 0.0056  0.0463  0.0279  0.0198 0.0118 0.0039 0.0082  0.0415 0.0297 0.0220
28 -0.0068  -0.0078  -0.0098  0.0233  0.0176 0.0149 -0.0146 -0.0164 -0.0135 0.0227 0.0221 0.0169
0.6 SML 0.0002 0.0023 0.0018  0.0247  0.0209 0.0144 0.0009 0.0008 0.0017  0.0208 0.0171  0.0119
CML -0.0109  -0.0086  -0.0086 0.0263 0.0230 0.0167 0.0154 0.0171 0.0180 0.0269 0.0252  0.0223
S28 0.0176 0.0163 0.0065 0.0498 0.0414 0.0245 0.0081 0.0089 0.0058 0.0386 0.0304 0.0227
28 -0.0299  -0.0288 -0.0307 0.0361 0.0338  0.0328 -0.0156 -0.0140 -0.0139  0.0240  0.0201 0.0178
0.8 SML -0.0007 0.0009 0.0006 0.0246 0.0197 0.0129 0.0016  -0.0008 0.0003  0.0224 0.0182 0.0113
CML -0.0097  -0.0068 -0.0074 0.0286 0.0223  0.0155 0.0154 0.0143 0.0158 0.0284 0.0244  0.0200
S28 0.0206 0.0139 0.0098 0.0579 0.0416  0.0301 0.0118 0.0024 0.006 0.0409 0.0293 0.0205
28 -0.0630  -0.0613  -0.0619 0.0668 0.0639 0.0631 -0.0136 -0.0159 -0.0151 0.0232 0.0219 0.0179

P12 P13
0.4 SML 0.0365 0.0163 0.0327 0.1514  0.0984 0.0730 0.0108 -0.0006 0.0118 0.1013  0.0606  0.0403
CML -0.4591 -0.4829  -0.4464 0.2656  0.2530 0.2123  -0.0695 -0.0625 -0.0335 0.1324 0.0795 0.0510
S28 0.1893 0.1009 0.0906 0.2230 0.1617 0.1213 0.0514 0.0223 0.0621  0.1966  0.1501 0.1104
28 -0.2835  -0.3197 -0.3353 0.2742  0.2270 0.1889  -0.0225 -0.0103 0.0655 0.2505 0.1934 0.1462
0.6 SML 0.0244 0.0132 0.0152  0.0742  0.0612  0.0400 0.0188 0.0134 0.0085 0.0847 0.0576  0.0404
CML -0.2923  -0.2804 -0.2420 0.2644 0.2333  0.1633  -0.0688 -0.0482 -0.0434 0.1494 0.0763  0.0550
S28 0.1016 0.0834 0.0358 0.1808 0.1652  0.1090 0.0345 0.0551 0.0303 0.1820 0.1540 0.1116
28 -0.2121 -0.2268  -0.2472  0.2789  0.2429 0.1982  -0.0373 0.0013 0.0223  0.2253  0.1938  0.1420
0.8 SML 0.0136 0.0059 0.0027  0.0388  0.0298  0.0204 -0.0016 0.0014 0.0070  0.1377 0.0630  0.0453
CML -0.1282  -0.1269 -0.132  0.1342 0.1137 0.1116  -0.1004 -0.0719  -0.0574 0.1774 0.1077  0.0656
S28 0.0238 0.0211 0.0235 0.1147 0.0931 0.0770 0.0474  -0.0025 0.0478 0.1934 0.1568 0.1094
28 -0.1634  -0.1529 -0.1579 0.2577 0.2124 0.1816  -0.0308 -0.0217 0.0238  0.2455 0.1993 0.1373

821 (w1) 531 (w1)

0.4 SML 0.0373 0.0309 0.0269 0.1547 0.1138  0.0872 0.0155 0.0133 0.0082 0.1177 0.0815  0.0593
CML 0.2963 0.2904 0.2876  0.3490 0.3303  0.3109 0.1716 0.1681 0.1600 0.2240 0.1896  0.1731
S28 0.0632 0.0464 0.0375  0.2031 0.1460  0.1129 0.0248 0.0127 0.0251 0.1825 0.1325  0.0992
28 0.2628 0.2600 0.2674  0.3517 03148 0.2994 0.1797 0.1756 0.1593  0.2886 0.2400 0.2017
0.6 CML 0.0409 0.0338 0.0189  0.1206 0.0967 0.0686 0.0180 0.0081 0.0090 0.1136 0.0823  0.0593
CML 0.2894 0.2822 0.2720  0.3493  0.3230 0.2886 0.1634 0.1622 0.1568 0.2255 0.1882  0.1709
S28 0.0667 0.0552 0.0260 0.1841 0.1573  0.1053 0.0232 0.0235 0.0157 0.1737  0.1402  0.0979
28 0.2729 0.2741 0.2816  0.3550  0.3306  0.3097 0.1774 0.1736 0.1643  0.2718 0.2439  0.2038
0.8 SML 0.0349 0.0270 0.0192 0.1043  0.0838 0.0592 0.0122 0.0117 0.0094 0.1359 0.0885 0.0569
CML 0.2499 0.2505 0.2492  0.2901 0.2737  0.2628 0.1682 0.1609 0.1605 0.2384 0.1967 0.175
S2S 0.0610 0.0458 0.0332  0.1697 0.1311 0.0966 0.0294 0.0119 0.0180 0.1833  0.1391 0.0934
28 0.2854 0.2834 0.2836 0.3540 0.3318 0.3132 0.1778 0.1748 0.1683  0.2845 0.2437  0.2077

Table 2.2: Relative bias and RMSE for 12, 813, 62, 63, P12, P13, and smooth functions estimates 321 (w1) and 831 (w1),
for experiments without an exclusion restriction where 40% of the observations allocated to the first regime, p12 takes
values in {0.4,0.6,0.8}, p13 is fixed at 0.6, and sample sizes n € {3000, 5000, 10000}.The lowest relative bias
and RMSE values for each combination of the correlation coefficients and the sample sizes are in bold. SML and
S28 represent the semi-parametric penalized maximum likelihood and penalized two-step approaches, whereas CML
and 2S are the maximum likelihood and the two-stage classical approaches. The true values of the parameters are
P21 = 1.3,831 = 2.1,00 = 03 =1, p12 € {0.4,0.6,0.8}, and p13 = 0.6. The true smooth functions are s21(w1) =
w1 + exp[—32(w1 — 0.5)?] and s31(w1) = 0.3 + w1 + exp[—30(w;1 — 0.35)].
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2.6 Empirical application

The Medical Expenditure Panel Survey (MEPS) is a large-scale survey, conducted by the Agency
for Healthcare Research and Quality in the United States, that contains information on families and
individuals such as their demographic and socio-economic characteristics, their use of healthcare,
and details on their health insurance coverage (further information about the survey can be found
at https://meps.ahrqg.gov). In the analysis, we use a subset of the MEPS dataset, avail-
able in Cameron & Trivedi (2009), consisting of individuals over 65 years old, their out-of-pocket
prescribed drug expenditures, and several other socio-economic and health-related factors. Sub-
jects considered in the study are automatically enrolled in Medicare (a federal health insurance
programme) which, at the time of data collection, did not cover for any prescribed medicines.
As a consequence, individuals may choose to obtain supplementary private services, in the form
of employer-based or union-sponsored insurance, to cover against certain out-of-pocket expenses
(see Cameron & Trivedi, 2009, for further details). We focus on individuals with full information
on all the variables of interest and whose out-of-pocket prescribed drug expenditures are over a
hundred dollars per year. Zimmer (2013) provides the justification for concentrating on these indi-
viduals: first, models for healthcare demand in the US are usually based on the distinction of two
economic processes that are assumed to be statistically independent: one that determines whether
individuals spend, and one that governs how much they spend (see, for example, Pohlmeier & Ul-
rich, 1995). Second, from a government budget perspective, these individuals represent a priority
since the US Healthcare Financing Administration reports that approximately 10% of Medicare
users account for 70% of Medicare spending (see Zimmer, 2013, for further details).

The analysis aims to investigate the effects of having employer-based or union-sponsored sup-
plementary insurance on out-of-pocket prescribed drugs expenditures under different modelling
approaches while accounting for several other socio-economic and health-related factors, namely
age, gender, race, log (income), and their total number of chronic conditions. Infor-
mation on whether an individual has any extra form of insurance is given by the binary variable
supplementary, while the outcome of interest is the total amount of out-of-pocket expendi-
tures on prescribed medicines (for further details, see, Cameron & Trivedi, 2009). Since health-
care expenditures variables tend to be highly skewed (Deb & Norton, 2018; Manning & Mullahy,
2001), it is common to use the logarithm of out-of-pocket expenditures, 1og (expenditure),

as the response. Figure 2.7 shows the histograms of out-of-pocket prescribed drug expenditures
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(left) together with the histograms of their log transformations (right) at both levels of the insur-

ance variable. Having supplementary insurance raises concerns of potential endogeneity, since it
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Figure 2.7: Histograms of expenditure (left) and log (expenditure) (right) by insurance status. For visual
presentation only, we have top coded individuals with expenditures greater than $7, 000 for the plots on the left hand-
side.

is plausible that there are some unobserved individual characteristics that affect simultaneously
prescribed drugs expenditures and obtaining supplementary insurance (Deb et al., 2006). For ex-
ample, individuals may had chosen to work in a job that would provide an extra coverage in order
to benefit from having lower medical expenses on retirement (Cameron & Trivedi, 2009).

Table 2.3 contains the description and summary statistics of all the variables considered in
the analysis, at sample level and by type of insurance. The proportion of individuals that have
some form of supplementary health insurance is about 38%, there is a slightly higher proportion
of females than males, 16% of the individuals self-identified as Black or Hispanic, and the av-
erage age is close to 75. Health-wise, the average number of chronic conditions in the sample is
under 2. Regarding individuals with or without supplementary health insurance we observe that,
overall, those with Medicare-only coverage have lower expenditures, are older, poorer, and have
a slightly lower average number of chronic conditions. There is also a higher proportion of fe-
males and Black or Hispanic individuals covered only by Medicare compared to those who have

supplementary insurance.
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Variable Description Full sample (n =9113)  Supplementary insurance (n =3509) Medicare only (n = 5604)
Mean SD Mean SD Mean SD

Utilization

log (expenditure) Logarithm of drug expenditures 6.789 0.997 6.828 0.999 6.765 0.996

Insurance

supplementary =1 if supplementary health insur-  0.385 0.487 1 0 0 0

ance
Socio-economic/health variables

gender =1 if female 0.583 0.493 0.518 0.5 0.624 0.484

race =1 if individual self-identified as  0.160 0.367 0.131 0.337 0.178 0.383
Black or Hispanic

age Age in years (> 65) 75.083 6.645 73.778 6.523 75.900 6.591

log (income) Logarithm of annual household in-  2.746 0.907 2.951 0.932 2.618 0.866
come in thousands of dollars

chronic Number of chronic conditions 1.959 1.287 1.964 1.307 1.956 1.275

Instruments

ssiratio ssiratio = %‘% 0.539 0.369 0.441 0.356 0.600 0.363

multloc =1 if firm has multiple locations 0.060 0.238 0.098 0.297 0.037 0.189

Table 2.3: Description and summary statistics of the variables for the full sample and by type of insurance.

Cameron & Trivedi (2009) propose and discuss the validity of several potential variables to
fulfil the exclusion restriction assumption based on individual and employer characteristics. For in-
stance, the ratio of a person’s social security income to their total income, denoted by ssiratio,
and the binary indicator multloc, which indicates whether the firm an individual worked for
has multiple locations. Recall that such variables must satisfy the conditions stated in Section
2.2, that is, ssiratio and/or multloc must be conditionally independent with respect to
log (expenditure), and have a high partial correlation with supplementary after ac-
counting for the rest of the covariates. The authors argue the validity and relevance of ssiratio
by assuming that income is included in each regime equation through the explanatory variable
log (income), and that ssiratio is expected to be negatively correlated with having extra
insurance. The variable multloc is potentially a week instrument, it captures employer-based
supplementary insurance but individuals in the sample are already retired. However, the literature
in health economics provides several case studies, in similar settings, where multloc has been

used as instrument, for example, Deb et al. (2006), Deb & Trivedi (2006), and Marra et al. (2020).
We proceed by specifying the following additive predictors for the selection mechanism and

regime equations

1mi = P10 + fr1gender; + Pfiarace; + fismultloc; + sj1(age;) + s12(log (income) ;)
+ s13(chronic;) + s1a(ssiratioy),
N2; = P20 + B21gender; + Basrace; + so1(age;) + s22(log (income) ;) + sa3(chronicy),

n3i = P30 + Bz1gender; + Bizrace; + s31(age;) + s32(log (income) ;) + s3z(chronicy).
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where $,1(+), Sm2(+), and spy3(+), for m = 1,2,3, are smooth functions represented using thin
plate regression splines. We then fit univariate GAMs (denoted as IGAM) to each regime sepa-
rately, the classical fully parametric (CML), and the semi-parametric (SML) ESR models. Pre-
liminary analyses using the CML approach, where the continuous covariates were modelled using
second order polynomials, failed to converge and did not provide values for the standard errors of
the estimates. We settled with specifying linear effects for all continuous covariates.

Table 2.4 contains the estimates of the parametric model components at each level of the
switching variable obtained using the aforementioned approaches, together with their 95% confi-

dence/credible intervals. The effects of gender and race have the same sign, for both regimes,

Model 1GAM CML SML
Estimates | Regimes  Supplementary Medicare Supplementary Medicare Supplementary Medicare
(Intercept) 6.814 6.800 6.354 7.468 6.517 7.215
(6.769, 6.859)  (6.759, 6.840) (5.962, 6.745) (7.086, 7.850) (6.352, 6.683) (7.176, 7.254)
gender: female 0.045 -0.023 -0.018 -0.103 -0.002 -0.098
(-0.016, 0.106)  (-0.072,0.027)  (-0.084,0.049) (-0.160, -0.047) (-0.071, 0.067)  (-0.153, -0.044)
race:Black/Hispanic -0.075 -0.113 -0.129 -0.180 -0.108 -0.167
(-0.166, 0.016)  (-0.176,-0.049) (-0.224,-0.034) (-0.250,-0.109) (-0.203,-0.014) (-0.236, -0.098)
age (smooth term)  (smooth term) -0.010 -0.013 (smooth term) (smooth term)
- - (-0.015, -0.004)  (-0.018, -0.009) - -
log (income) (smooth term)  (smooth term) 0.065 0.058 (smooth term) (smooth term)
- - (0.024, 0.106) (0.024, 0.093) - -
chronic (smooth term)  (smooth term) 0.307 0.309 (smooth term) (smooth term)
- - (0.282, 0.331) (0.289, 0.329) - -
2P 0.908 - 0.989 - 0.960 -
(0.885, 0.932) - (0.936, 1.042) - (0.929, 0.985) -
03 - 0.902 - 1.016 - 1.020
- (0.883, 0.920) - (0.965,1.066) - (0.994,1.040)
P12 - - 0.458 - 0.371 -
- - (0.321, 0.595) - (0.111, 0.507) -
P13 - - - 0.588 - 0.616
- - - (0.470, 0.706) - (0.580,0.647)

Table 2.4: Parameter estimates and 95% confidence/credible intervals of the parametric model components obtained
after fitting a univariate generalized additive model (1GAM) for each regime, the classical (CML), and the semi-
parametric (SML) endogenous switching regression models.

when estimated using CML and SML but they appear to have a slightly higher magnitude when us-
ing the CML approach. This may be a result of the CML approach not modelling the effects of the
continuous variables flexibly. Overall, the results indicate that females have lower out-of-pocket
expenditures than men, and that Black or Hispanic individuals have lower expenditures compared
to White individuals, regardless of the type of insurance. The effect of gender appears to be sig-
nificant only for individuals in the Medicare-only regime, whereas the effect of race is stronger
for persons without extra insurance. In particular, estimates obtained using the SML approach
for those without supplementary insurance point out that females spend about 10% less than men,

and that Black or Hispanic individuals spends about 17% less than White individuals. The corre-
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sponding results using the IGAM approach suggest that gender is not a determinant factor of
log (expenditure), and that race is significant only for individuals in the Medicare regime.

Estimates of o2 and o3 obtained via the CML and SML frameworks are very similar and
suggest a higher variability in the Medicare-only regime. On the other hand, these parameters
appear to be slightly under-estimated when using 1GAM models. In regard to the correlation
coefficients, their estimates have the same sign but a somewhat different magnitude under the
CML and SML approaches. The estimate of p;o obtained under the CML approach suggests a
stronger association between supplementary and log (expenditure) than that obtained
using the SML framework. The CML estimate of p13 suggest a lower strength of dependence than
the one estimated via the SML model. Both correlation coefficients are significant, suggesting
the presence of unobserved individual characteristics that influence the uptake of supplementary
health insurance.

Parametric CML estimates of age, 1og (income), and the number of chronic condi-
tions suggest that chronic is the main determinant of 1og (expenditure) followed by
log (income). Both effects are positive, significant, and have a similar magnitude in both
regimes. Individual’s age has a negative, but relatively low effect on the response for both levels
of insurance. Figure 2.8 (top row) shows the estimated smooth functions, and 95% credible in-
tervals, obtained by the SML approach for the supplementary (blue) and the Medicare-only (red)
regimes. The plots are centered around zero due to the identifiability constraint placed on the
smooth functions (see Section 2.2). The estimated non-linear effects on 1og (expenditure)
of age, chronic, and 1log (income) appear to be similar for individuals with extra insurance
and for those using only Medicare. The results show that the effect of age on the average of
log (expenditure) is non-linear, significant, and somewhat variable in both regimes, with an
overall downward trend, which suggests that individuals appear to spend less as they get older.
The effect of chronic shows an expected pattern and suggests that as the number of chronic
conditions increases, the average of 1og (expenditure) increases steeply for both regimes. In
terms of 1og (income), we observe an overall downward trend for individuals with low annual
income, which appears to be steeper for those without extra insurance, followed by an upward
trend for individuals with higher incomes. We also observe that 1og (income) has little effect
on the response for individuals with lower income levels. These results seem to be consistent with
the CML estimates in particular, chronic has the largest effect on 1og (expenditure), age

has a negative but weak effect, and 1og (income) has a slightly lower impact on the response
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for those with extra insurance. The estimated curves obtained using the 1GAM (not shown on
the same figures for clarity) are similar to those obtained using the SML however, the p-values
resulting from testing the significance of the smooth terms suggest that age and 1og (income)
are not significantly different from zero in the supplementary regime, while 1og (income) is

not significant in the Medicare regime.
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Figure 2.8: Top row: Estimated smooth functions and 95% pointwise credible intervals of age, log (income), and
chronic for individuals with and without supplementary insurance. The smooths estimates are vertically centered
about zero due to the identifiability restrictions placed on the smooths terms. Bottom row: Estimated smooth effects
and 95% pointwise credible intervals of age, log (income), and chronic on log (expenditure) with the
remaining of the covariates set at their mean/mode. Estimates in the supplementary regime are shown in blue whereas
those in the Medicare regime are shown in red. The jittered rug plot in the x-axis indicates the values of the covariates
in the data.

To aid further interpretation, the bottom row of Figure 2.8 shows the estimated smooth func-
tions in the scale of 1og (expenditure) where the rest of the covariates have been set to
their means or modes. In particular, they display the effect of the specific covariate on the mean
log (expenditure) for White females where the other two continuous covariates have been
set to their mean.

An estimate of the average treatment effect (ATE) of type of insurance on expenditure for a
randomly chosen individual can also be obtained using the model parameter estimates (see, for

example, Heckman et al., 2001). The CML ATE estimate is —1160.67. 7 In contrast the SML

"The sampleSelection package only provides the tools to obtain the conditional expectations to calculate the



43 2.7. Discussion

estimate, together with its 95% credible interval, is —1255.82(—1450.28, —1019.29). ® The result
indicates that, on average, having supplementary insurance leaves a randomly chosen individual

about $1255 better off in terms of prescribed drugs expenditures.

2.7 Discussion

In this chapter, we have presented a semi-parametric ESR model that relaxes the functional form
specification of the deterministic model components using a well-established penalized regression
spline framework. We have also described two approaches to parameter estimation and several
inferential results from the penalized regression literature which are relevant to this context. The
simulation study has shown that the semi-parametric ESR model provides competitive results
when compared to the classical approaches, and it has also highlighted the importance of flexibly
modelling the relationships between the response of interest and the predictors.

In an application, we have investigated the effects of insurance, and several other socio-
economic and health-related factors, on prescribed drugs expenditures for US individuals over
65 years old. Our findings suggest individual self-selection into insurance, and that the main de-
terminants of expenditures are the number of individual’s chronic conditions, followed by race.
The semi-parametric approach also reveals that the continuous covariates affect the response with
different degrees of non-linearities. The estimated ATE indicates that having supplementary in-
surance constitutes a saving of about $1255.

The modelling approach presented in this chapter still suffers from some of the criticisms in-
troduced in Section 2.1. For instance, the joint normality, which also implies normally distributed
regimes, and the constant variance assumptions may be restrictive or inappropriate in empirical
applications. In Chapter 3, we explore extensions of the semi-parametric ESR model in several
ways. First, the joint distributions of the switching variable and each of the regime responses are
not restricted to bivariate Gaussian, and are specified using parametric bivariate copula functions.
Second, the regime responses are specified using several families of parametric distributions. And
third, each of the distribution parameters can be modelled using a flexible linear predictor of co-

variates that accounts for several types of effects.

ATE estimate but not to construct the confidence intervals.
8Credible intervals are constructed using the simulation steps described in Section 2.4 implemented in the GJRM
package.



Chapter 3

Copula-based endogenous switching
regression models with an application in

health economics

This chapter presents copula-based endogenous switching regression models for continuous re-
sponses. In an application, we study insurance uptake in the US to cover for out-of-pocket ex-
penditures of prescriptions drugs. The modelling approach allows for the joint distributions of
the switching variable and the regimes to be specified using copula functions, whereas the univari-
ate marginal components are specified employing parametric families of distributions. The models
are embedded into a distributional regression framework, where all the distribution parameters can
be defined using additive predictors that account for several types of covariate effects. Parameter
estimation and inference utilise a well-established penalized likelihood framework. The results ob-
tained from the copula-based approach suggest that large values of out-of-pocket prescribed drug
expenditures are accompanied by a higher chances of having supplementary insurance however,
low expenditures do not necessarily imply lower chances of having extra insurance. This feature

cannot be captured under the assumptions of the classical and semi-parametric approaches.

3.1 Introduction

As pointed out in Chapters 1 and 2, the normality assumption in the context of models subject to
sample selection has often been criticised since it limits the applicability of these models when the

researcher wants to consider more complex distributions for the response (Klein & Kneib, 2016;
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Pigini, 2015; Puhani, 2000; Smith, 2003). Furthermore, the association between the switching
and regime variables is tied to the correlation coefficient, which only measures linear dependence,
and whose use as a measure of association has also been subject to criticism (Embrechts et al.,
2002). Although there are multivariate alternatives to the normal, they tend to be restrictive in
applications, since they do not allow to specify different distributions for each of the marginals,
and measures of dependence appear in the specification of the marginal distributions (Frees &
Valdez, 1998; Kotz et al., 2004).

Some of the aforementioned limitations can be dealt with by using a copula-based approach.
The copula approach to modelling jointly determined random variables allows to separate the
specification of their marginal distributions from their dependence structure by specifying their
joint distribution in terms of their marginals and a copula function that joins them together. The
definition and properties of a copula function (an m-dimensional copula is a multivariate cdf with
m standard uniform margins) and the work of Sklar (1959) and Patton (2006) provide the most
important results for statistical modelling using copulas. Sklar shows that any multivariate dis-
tribution can be represented as a composition of a copula function and its univariate margins,
while Patton extends Sklar’s theorem to a situation where the univariate margins are conditional
distribution functions.

As a consequence of these results, and in the context of the chapter, statistical modelling using
copulas is approached in two steps: first, specifying a parametric model for each of the latent vari-
ables in the ESR model; second, choosing an appropriate copula function that links the univariate
components together and captures their dependence structure. The modelling approach permits
to relax the joint normality assumption between the switching and each regime variables, accom-
modates different types of marginal distributions, and accounts for several forms of dependence
structures (implied by the copula) between the model components.

Copula-based regression models are not new in the literature. Lee (1983) developed a SS
model, based on the bivariate Gaussian copula, in which the marginals could be assumed to be-
long to different families of distributions; Prieger (2002) proposed SS models based on the FGM
copula to model hospitalization stays; and Smith (2003, 2005) introduced SS and ESR models us-
ing Archimedean copulas with non-normal continuous margins. More recently, the copula-based
regression literature has focused on using flexible distributional specifications in which each of the
distribution parameters can be flexibly modelled using predictors that incorporate several types of

covariates effects. For example, bivariate regression models embedded into the GAM/GAMLSS
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frameworks from the Bayesian (Klein & Kneib, 2016) and frequentist perspectives (Marra &
Radice, 2017; Vatter & Chavez-Demoulin, 2015); and GAM- and GAMLSS-type specifications of
SS models (Marra et al., 2017; Wiemann et al., 2022; Wojty$ & Marra, 2015; Wojtys et al., 2018).

In this chapter, and based on the modelling framework of Marra et al. (2017) and Wojtys et al.
(2018), we present flexible copula-based ESR models for continuous regime responses. In an
application, we study insurance uptake in the US to cover for out-of-pocket expenses of prescrip-
tion drugs, and make an assessment of whether different univariate distributions and dependence
structures provide some insights that cannot be captured using the classical distributional assump-
tions of the ESR model. The adopted framework allows for the joint distributions of the switching
and each of the regime variables to be modelled using copula functions to capture their depen-
dence structure. The distributions of the variables that govern the switching mechanism and both
regimes are embedded into the GAMLSS framework (Rigby & Stasinopoulos, 2005). In particu-
lar, the distribution that models the switching mechanism is not restricted to be Gaussian, whereas
the distributions of the regime variables can be modelled using several parametric continuous dis-
tribution functions. Furthermore, all the distribution parameters can be modelled using a vector
of explanatory variables to accommodate various forms of covariate effects. Parameter estimation
and inference follow from the well-established penalized likelihood framework of Marra et al.
(2017) and Marra & Radice (2019) described in the previous chapter. At the time of writing, the
models presented here have become a subset of those that appear in Marra et al. (2022), imple-
mented in the GJRM package (Marra & Radice, 2022), which further allows for the distribution of
the regime variables to be binary or discrete and the copula parameters to be specified as a function
of covariates.

In the application, we find evidence of individual self-selection into insurance and that the
association between insurance uptake and out-of-pocket expenditures for prescribed drugs is best
described by the Joe and the Gumbel copula families. The dependence structures implied by
the copula functions suggest that individuals with higher expected out-of-pocket expenditures are
more likely to uptake supplementary insurance.

The rest of this chapter is structured as follows: Section 3.2 describes copula-based ESR mod-
els, the specification of the univariate and joint distributions functions, and the structure of the
generic predictor used to model each of the univariate distribution parameters. Section 3.3 consid-
ers parameter estimation, while Section 3.4 evaluates the empirical properties of the copula-based

approach via simulation. In Section 3.5, we analyse the effects of insurance status and several
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socio-economic and health related characteristics on out-of-pocket prescribed drug expenditures
using the copula-based specification of the ESR model. Lastly, in Section 3.6 we discuss the

modelling approach and the empirical results.

3.2 Specification of copula-based endogenous switching regression

models

In this section, we describe in detail the structure of copula-based ESR models. First, we revisit
the observation rules that govern the ESR model, and then we show how the model likelihood
function can be written in terms of the joint distribution functions that characterise the switching
and each regime variables, and their univariate marginals. In Section 3.2.1 we specify the marginal
distributions using the GAMLSS framework, whereas in Section 3.2.2 we specify the joint distri-
butions in terms of their marginals and bivariate copula functions that link them together. Section
3.2.3 describes the structure of the additive predictor associated with each of the parameters of the
marginal distributions.

Recall from Chapter 2 that observations from the ESR model are generated using the following

rules

Yii = Lyz>o(Y73), Yai = Y1,Ys;, Yai=(1-Y)Ys, i=1,...,n (3.1)

The Bernoulli random variable Y7; is determined by the sign of the continuous latent variable
Y}" through the indicator function HY1*¢>0(')' The continuous random variables Y5; and Y3; are
determined by Y7; and their latent counterparts Y5 and Yz, that is, when Y7; = 1 we observe
Yy; = Y5 otherwise, we observe Y3; = Y.

Assume that each of the latent variables in the model can be described by parametric families
of distributions, conditional on covariates, and denote their pdfs and cdfs as f,, (v}, | 6,,) and
Fu(y?, | Om), respectively, where 8, € R™™ represents a vector of 7, distribution parameters,
for m = 1,2, 3. Let us also denote the joint cdf of the pair of latent random variables (Y7*,Y,") as
Fim (Y5, 9%, | 01m), where 61, € R™m represents a vector of i1, of distribution parameters, for
m = 2,3.

Given a random sample of observations, and omitting the distribution parameters and covari-

ates for simplicity, the likelihood function of the ESR model can be written in a generic form as a
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function of the univariate and bivariate distributions of the latent variables in (3.1). Conditioning
on the switching variable, note that when y;; = 1 we observe y9; and the contribution to the likeli-
hood corresponds to f(y2; | y3; > 0)P(Y); > 0). Otherwise, we observe ys3; and the contribution

to the likelihood is f(ys; | y;; < 0)P(Y}: < 0), that is,

n

TT{f i | wis > OBV > 0037 {F(yss |y < O)P(YE; < 0)} 7, (3.2)
i=1

where f(y2; | y3; > 0) and f(ys; | y5; < 0) denote the conditional densities of Y5 and Y3 given
Y% > 0and Y} < 0, respectively. The conditional densities can be written as
OF (y2i | y1i = 1)

0y
0 |:F12(1ay2i):|

fly2i |y, >0) = f(y2i | y1i=1) =

- dy2; | 1 — F1(0)
_ #i[
1—F1(0) 8y2i

1

= m [fQ(?/Qz’) -

(3.3)
Fa(y2i) — F12(0, y2i)]

0F12(0,y2;) ]
0y ’

and

OF (y3i | y1i =0)
0ys;
9 [Fi3(0, y3i)]
_ (3.4)
0ysi [ F1(0)
_ 1 0F13(0,y3:)
Fi(0)  Oyzi

fysi | y1; <0) = f(ysi | y1: = 0) =

Substituting expressions (3.3) and (3.4) back into (3.2) obtains (Smith, 2003, 2005)

‘ OF15(0,y2:) \ ™ [ 0F13(0,y5) | '™
H{fQ(yQi)_ 1(29( y2)} { 135( y3)} . (35
i—1 Y2i Y3i

The form of the likelihood function implies that it is not necessary to specify the joint distribution
of (Y5, Yo, Y55) in order to estimate the model parameters (Smith, 2005). Furthermore, the joint
cdf of the pair (Y5, Y3;) does not appear in the likelihood function and any plausible parameter(s)
measuring their dependence cannot be identified. Note that, assuming the joint distributions Fio
and F3 are bivariate normal, the likelihood function given in (3.5) is equivalent to the likelihood

function of the classical ESR (see, for example, Smith, 2005).
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3.2.1 Specification of the marginal distributions: F, [; and F;

We now specify the marginal distribution for each of the latent variables using the GAMLSS
framework. This approach assumes that each of the conditional distributions in the model belongs
to a parametric family whose parameters represent several distributional characteristics such as
location, scale, and shape. Furthermore, each of the distribution parameters can be modelled as a
function of covariates.

The model for the switching mechanism is specified as follows

YT;NFl(OU), izl,...,n,

such that 64; = (15, ali)T, where p11; and o1, are location and scale parameters, respectively. The

location parameter is associated with an additive predictor of covariates and regression coefficients

as follows
Pl’fl
L M1 11 _ QM1 M1 oM [75%
Hii =1 (Xi ) ul) =pbo + E : hp“1 (Xpuliv pm)a (3.6)
Py =1
JIA . Y258 lLL1T ,ulT T
where X; is a vector of explanatory variables chosen to model 1, B,,, = ( 8y, B} ""’BPu
1

is a vector of regression coefficients, 34" is an overall intercept, and each hﬁ;l (+) denotes particular
effects of a sub-vector of covariates ig;li contained in xé‘ ', forp,, = 1,..., P, The specific
structure of the predictor will be described in Subsection 3.2.3. The scale parameter oy; is set to 1
for the usual identification purposes.
Note that the model for the switching mechanism corresponds to a latent variable representation
of a binary model and Fj is usually chosen to be the normal, logistic, or Gumbel distributions
since they yield the typical probit, logit, or complementary log-log link functions to model the
probability of success of the observed variable Y7;.

In terms of the models for the regime variables Y5; and Y5, we assume that their true distribu-

tions belong to parametric families with up to three parameters, that is,
Y~ Fn(Omi), m=2,3,i=1,...,n,

such that 0,,; = (Lmi, Omis l/mi)T, where the parameters fi,,;, Omi, and v,,; (often representing
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location, scale, and shape) are associated with additive predictors of covariates as follows

P#m
— M e
g,Ufm(l'Lml) - 772 m (Xim,ﬂ,um Bom + Z /;;::n < pMm“ g:;n) )

p#m_l
G (0m) = 177 (77, Br,) = B + Z nee (g B). G
Pom =

P,

— Ym Vm Vm V m gy/m VUm
Gum (Vmi) = n; ( X; 7181/777. ﬂ + E me ( X i’ me> .

Prm =1

The functions g, (), 9o, (), and g,,, (-) are known, monotonic, and differentiable link functions
that maintain the restrictions on the range of the distribution parameters. For instance, when fi,,
is restricted to the positive real numbers, one can choose a log link, i.e., gu,, (ttmi) = 10g(ftmi) =
nt"™. The rest of the components in (3.7) are defined similarly to those that appear in (3.6).

Subsection 3.2.3 describes in more detail the particular structure of these predictors.

3.2.2 Specification of the joint distributions: F', and Fi3

We specify next the joint distributions of the pairs (Y;*,Y,"), for m = 2,3, using bivariate para-
metric copula functions. The copula approach to modelling jointly determined random variables
allows to separate the univariate distributional components from the dependence structure by spec-
ifying the joint distribution of the random variables in terms of their marginals, and a copula
function that joins them together. In our context, the copula approach relaxes the joint normal-
ity assumption between the switching and each regime variables, accommodates different types
of marginal distributions, and accounts for several forms of dependence structures between the
model components.

A 2-dimensional copula is a bivariate cdf with standard uniform margins, i.e., a function

C: [0,1]? — [0, 1] defined by
C(ul,uQ) = P(Ul S Ui, U2 S UQ), where Ul, UQ ~ U(O, 1),

and satisfying the following conditions: (i) C(0,u) = C(u,0) = 0,Vu € [0,1]; (i) C(1,u) =
C(u,1) = u,Yu € [0,1]; (iii) C is 2—increasing. Conditions (i) and (ii) are called the boundary
conditions of the copula, whereas condition (iii) is the rectangle inequality.

The work of Sklar (1959) and Patton (2006) provide the most important results for statistical

modelling with copulas. The former obtains a representation of a multivariate distribution function
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as a composition of a copula and its univariate margins, while the latter extends Sklar’s theorem
to a situation where the univariate margins are conditional distribution functions. In the current
context, the aforementioned results allow to specify the joint cdfs Fi2 and Fi3 in terms of copula

functions linking the marginal distributions of the latent switching and regime variables, that is,
Fim(Ylis Ui | O1mi) = Cim (F1(Y; | 613), Fon (Ui | Omi) | 01m) ., m=2,3,i=1,...,n,

where the vector 61,,; = (61,,0] ., 61,,)" encapsulates the distribution and copula parameters,

and Cy,(+, ) is a parametric bivariate copula function that captures the dependence between the
margins F(-), and F,,(-) through the association parameter d1,.

As a consequence of the copula-based specification, statistical modelling using the copula ap-
proach can be carried out in two steps: first, specify a GAMLSS model for each of the marginal
cdfs (that do not need to belong to the same family of distributions); second, choose an appro-
priate copula function that links its univariate components together and captures their dependence
structure. The literature provides a large number of parametric copula families, describing differ-
ent types of dependence structures, that can be used for modelling (see, for example, Joe, 2014;
Nelsen, 2006). The interpretation of the dependence parameter d1,, is copula-specific and not
comparable across different copulas. In practical applications, it is common to transform it to
rank-based measures of dependence restricted to the [—1, 1] interval such as the Kendall’s tau (1)
or the Spearman’s rho (ps).

For further details in copula-based modelling, we refer the reader to Appendix B.1, which

summarises the main results from the copula literature that are relevant to this thesis.

3.2.3 Structure of the additive predictors

Following the literature in distributional regression (see, for example, Fahrmeir et al., 2004; Klein
et al., 2015; Marra & Radice, 2017) and omitting parameter-specific indices for clarity, each of
the additive predictors of explanatory variables used to model the parameters of the marginal

distributions in the model can be written as follows
P
ni(xi, 8) = Bo+ Y hp(Xpi,Bp)  i=1,...,n, (3.8)
p=1

where 5y € R is an unknown regression coefficient denoting the overall level of the predictor,

each hy(-), forp =1,..., P, corresponds to an effect-specific function of a particular sub-vector
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of covariates X,; contained in x;, and 3 = (fo, B1, . . ., ﬁ})T is a vector of regression coefficients.

It is also assumed that each effect function can be written as

JP
hop(Xpi, Bp) = Z bpjy (ipi)ﬂpjp = b;(f‘pi)ﬁp? p=1...,P (3.9)
Jp=1
where by, (Xpi) = [bp1(X1i), - - -, bps, (Xpi)]" is a vector of known functions evaluated at X,,; (whose
particular form depends on the type of covariate(s) included in X,;), and 3, = (Bp1, - - ., Bp Jp)T is

a vector of unknown regression coefficients. The linear combination of functions and regression
parameters in (3.9) allows for each effect-specific function to be written in vector-matrix notation
as X,B3p, where X, is an (n x J,)-matrix whose (i, j,)" element is given by by, (X,;). Fur-
thermore, to ensure that 5y corresponds to an overall intercept, identifiability constraints must be
applied to each h,(-) in the overall predictor before fitting the model (Wood, 2017, pp. 250).

In addition, each effect-specific function admits a quadratic penalty term that enforces partic-
ular properties of the effect given by )\pﬁ; S,8p, for some unknown penalty parameter A\, > 0,
that needs to be estimated, and some penalty matrix S,,, whose particular structure depends on the
form of the vector b, (Xp;).

The generic predictor described in Equation (3.8) provides the ESR model with a flexible
structure since each of the distribution parameters can be modelled using several types of covariate

effects, for example:

e Linear effects: when modelling parametric linear effects, the effect-specific function be-
comes hy,(Xpi, Bp) = f(;ﬂp, that is, a classical linear regression setup where X,,; is a sub-
vector of covariates (often binary or categorical) and 3, a vector of regression coefficients.
Linear effects are not usually penalized so the corresponding penalty matrix S,, is made up

of zeroes (Marra et al., 2017).

e Non-linear effects: for non-parametric effects of continuous covariates, the effect-specific
functions in (3.9) are represented using the penalized regression spline framework described
in Section 2.2.1 of Chapter 2. That is, for a particular subset of continuous covariates,
hy(Xpi, Bp) = b}, (Xpi)Bp. where by, is a vector of known basis functions evaluated at the
covariates and (3, denotes a vector of regression parameters. The smoothing parameter
Ap controls the trade-off between smoothness and goodness-of-fit of the function, and the
particular structure of the penalty matrix S, depends on the type of basis functions chosen

to represent the effect.
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e Spatial effects: when the data provide some form of discrete geographic information, for
example locations or regions made up of L discrete adjacent units, the effect-specific func-
tion is written as hy(Xpi, Bp) = f(;ﬂp, where X,; is a vector whose [ element is equal to 1
if observation ¢ belongs to unit [ and 0 otherwise, for{ = 1,..., L. The regression coeffi-
cient vector 3, represents the location/region effects. Assuming that neighbouring locations
are likely to share similar effects, the penalty matrix S, corresponds to an adjacency matrix
whose (i, )" element is defined as —1 if 4 # j and locations 4 and j are adjacent; 0 if
i # j and locations ¢ and j are not adjacent; and IV; if ¢ = j, where N; is the total number
of neighbours for region 7. For further details see, for example, Stasinopoulos et al. (2017,

pp. 293-296) and references therein.

The aforementioned specification allows to write all the additive predictors in the model using
a vector-matrix notation. For example, the additive predictor related to the location parameter (1 in
(3.2.1) can be written as 17, = X,,, B,,,, where X,,, = (1,X}", ..., 5(73;1 ) is an overall design ma-

trix, 1 denotes a vector of ones, each Xgil represents an (n x .J,, )-matrix that contains the effect-

specific functions evaluated at the p™ subset of covariates contained in x*1, for Py = 1,..., Py
T T T . . .
and B,, = ( A/ ,,Béﬁi ) is the corresponding vector of unknown regression coeffi-
1

cients. In addition, the overall quadratic penalty associated with 7, can be written as [5’; 1S 118
where S, is a block diagonal penalty matrix given by S,,, = diag(0, \{*S{*,. .., )\’fglltl S‘;;l ). An
overall penalty vector ;\M, made up of all the penalty parameters included in S 1> €an be written

_ H1 M1 NT
as Ay, = (M ,...,APM).

3.3 Parameter Estimation

Given a set of n independent observations and using the results given in Section 3.2, the log-

likelihood function of the copula-based ESR is given by

UB) = w1 { log fa(yai | B2:) + log

i=1

L dCi2 (F1(0 | 615), Fa(yai | 62:) | 612)
OF>(y2i | 02:)

dCi3 (F1(0 | 615), Fs(ysi | 63;) | 513))

+ 11—y, lo i | 03;) + 1o
;( y1i) § log f3(yzi | 03i) g< OFs(ys | O31)

(3.10)

.
The vectors of distribution parameters are defined as 81; = (ju1;, 01;)" = (g/jll (" (Bu)) 1)
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T
and Orni = (tnis s Vi)™ = (931 (™ (Bun)) -9 (07 (Bo)) 90t (0" (Bo,,) ) for
m = 2,3, where the functions g—!(-) are the inverses of the link functions defined in Subsec-
tion 3.2.1, and each ; represents an additive predictor, as described in Subsection 3.2.3, that

depends on a vector of regression coefficients. The regression coefficients together with both cop-

T T T T T T T
p12 M2 Mg Moy Moy My Fug)

ula parameters are encapsulated into the overall vector 3 = (
d12,013)" € RP, where p = 22:1 pr + 2 and p, = dim(By), for k € {1, p2, u3, 02,03, V2, 3 }.

Due to the flexible structures introduced in the additive predictors, directly maximising the
log-likelihood function will result in over-fitting and a penalty term is added in order to control

the fit (Green & Silverman, 1993; Marra et al., 2017; Wood, 2017). The penalized maximum

likelihood estimator (PMLE) is defined as

A~

B = argmax (,(3) = argmax {{(8) — P(B,\)}, 3.11)
B B

where £,(3) represents the penalized log-likelihood and (3, A) is a quadratic penalty defined
as P(B,A) = %BTS 3. The matrix Sy is block diagonal and contains the penalty matrices as-

sociated with the additive predictors related to each of the distribution parameters, that is, Sy =

diag(s 1 S [z S JP P 503, S,,2 , S,,B, 0, 0). The unknown penalty vectors contained in each S ma-

' ; —(XT 3T XT 3T T XT 3T\T
trix can also be collected into an overall vector as follows A = (A ALy Ngs Aoy Aggs Augs A)

L1
Estimation of 8 and A proceeds by using the approach of Marra et al. (2017) and Marra &

Radice (2019), already described in Chapter 2. To avoid repetition, we limit the exposition to an

outline of the steps of the procedure and to defining the elements that are needed for estimation in

the current context.

Step 1: At iteration a, and holding A fixed, the trust-region method obtains and update of the

parameter vector of the form Blet1] = glal 4 gll, where ¢l*! corresponds to the solution of the

following constrained optimization problem

. a a 1 a
q) = argmin - {fp(ﬂ[ N+ d'g,(8") + Sa"H, (6! Uq} : (3.12)
qeT @

such that 719 = {q € RP: ||q|| < 7%} represents the region of trust with radius r[? > 0
at iteration a. The objective function in (3.12) is a quadratic approximation of the model neg-
ative penalized log-likelihood within a suitable neighbourhood of 3!%, the vector gp(ﬁ[a]) =

%g) gl SMQ]B[“] = g(ﬁ[“]) — S,\[a]ﬁ[“] denotes the penalized gradient, and the matrix
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a 324
Ho(B) = G5t |5y

the current guess-estimate of the parameter vector. The gradient and Hessian of the (unpenalized)

— Syl = ’H(,@M) — S, i« the penalized Hessian, both evaluated at

model log-likelihood are defined as

.
(8) = (24T uB)T oup)T oUB)T oUBT JUB)T SUB)T 9B) SUB) ) g
g o 8Bu1 ’ aﬂug ’ 85#3 ’ 8502 ’ aﬁag, ’ aﬁug ’ 3,3,/3 > 0012 7 0d13 ’

[ 9%4(B) 9%4(B) 9%4(B) 9%4(B) 9%4(B) 9%4(B) 9%4(B) 9%4(B) 9%4(B) |
9B, 0BY, 0B 0Bl, 0Bu, 0B, 0Bu 0B, 0Bu 0By, 0B 0B, 0Bu 0B, 0Bu 002 0B, 0013
924(8) 0 024(8) 0 924(8) 0 024(8) 0
9B, 0P, 9B, 087, 3B, 0BT, 3By 12
924(B) 0 ERA) 0 ERA) 0 8%4(B)
983 9B, 983987, 3B3 087, 9Byu; 9013
8%4(B) 0 024(B) 0 0%4(B) 0
985,087, 9B, 0BT, 9By D13
= 2%4(B) 9%4(B) 9%4(B)
H(B) ' ' ' ' 98,087, O e, 0 @,om
9*4pB) 0 9%4(B) 0
8161—'20511:2 6,31/28512
020(8) 0 26(8)
0Bv308], 0Bu3 0013
*4(B)
00120012 0
9%4(B)
L 06130613 |

respectively. Both g(3) and H(3) have been derived analytically in Appendix B.2.
Step 2: In the second step, the parameter vector is held fixed and X is estimated by minimising

the following criterion

Al — arg min V(M) = arg min ||zl*7Y — AA[a]z[aJr” 1> — K + 2tr (Ay)
A A

1/2
g(ﬁ[a*'”) corresponds to a pseudo-

1/2 _

where zlo+1] — {_%(ﬁ[a—&-l])} / ﬁ[a+1}+{_%(6[a+1])}
1/2 —1 1/2

data vector, Ay = {—’H(,@[CLH})} {—’H(,@'[“H]) + SA[G]} {—’H(B[“H])} is the in-
fluence matrix, and K is the total number of parameters (see, Marra et al., 2017, for further details).
Initial values are obtained by fitting two separate copula-based SS models, in the first instance for
observations where y1; = 1 and then for observations where y1; = 0 using the routines provided
by the GJRM package (Marra & Radice, 2021).

Inference proceeds from the results already described in Chapter 2, and references therein,

which we do not include here to avoid repetition.

3.4 Simulation study

In this section, we perform a Monte Carlo experiment in order to (i) investigate the empirical

properties of the copula-based approach and (ii) assess the effect of copula misspecification on
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parameter estimates. Motivated by the empirical application presented in Section 3.5, we consider
a scenario where the switching and each of the regime variables are generated using the normal
and the log-normal distributions, respectively, and the copula functions that characterize their
joint distributions are from the Joe and Gumbel families. We assess the results under the correct
model specification and compare them with those obtained when one of the copula functions is
misspecified.

The simulated data consist of a set of independent observations (y;, X;)"_;, wherey, = (y14, Y2i, Y3i)
are realizations of the random variables (Y7;, Y2;, Y3;), obtained using the observations rules given
in (3.1), and x; = (z1;,x2;) consists of a binary and a continuous variable generated using
the approach described in the simulation study of Chapter 2 (and references therein). The un-
derlying latent variables are generated as follows: the model for the switching mechanism is
given by Y7 ~ Fj(01;), where F; corresponds to the normal distribution with parameter vec-
tor 61; = (114, ali)T, such that o is set to one to ensure identifiability and the additive predictor

associated with p is given by

nt =0yt + B i+ sy (i)

The value of 8)" is set to —1.15 in order to assign, approximately, 40% of observations to the
first regime, the value of 81 is set to 1.2, and the smooth function is given by s (z2;) = 1 —
x5, — 2exp(—180z3;) — 2.3sin(4.929;). The models for the regime variables are defined as
Y. ~ Fp(0mi), where F, corresponds to the log-normal distribution with parameter vector

0rni = (tmi, Umi)T and associated additive predictors

nim = By 4 Bl + s (224),
(oF g
;" =pe™,

for m = 2, 3, where the values of 847, 31, and 372 are set to 2.2,1.3 and 0.9, and the values of
6‘ 3, {‘ 3, and Bg 3 are setto 1.5, 2.1, and 1.1, respectively. The smooth components are defined as
1% (29;) = w2; + exp[—32(z2; — 0.5)?] and s/ (x9;) = 0.3 + x9; + exp[—30(w2; — 0.35)2].

Lastly, the joint distributions of the pairs (Y%, Y* ) are defined as follows

Fion (Y5> Ui | O1mi) = Cim (FL(Y3; | 016), Fin(ni | Omi) | 61m), m=2,3,
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where C15 is the Joe copula, Cy3 is the Gumbel copula, and the parameters d12 and 13 are set to
values corresponding to Kendall’s tau of 72 = 0.2 and 713 = 0.4, respectively. The simulation
settings are similar to those that appear in Wojtys et al. (2018) in the context of copula-based SS
models.

We perform N = 300 repetitions! with sample sizes of n = {3000, 5000, 10000} and esti-
mate the parameters of the correctly specified model (as described above) and of two misspecified
models in which C;3 is assumed to belong to either the Joe or the Gaussian copula families.

Figure 3.1 shows boxplots of the estimates of ﬁ{‘m, g ™ and 71, for m = 2,3, whereas
Figure 3.2 shows the true smooth functions (dashed lines) and the average effect estimates (solid
lines) of s{™ (x2), together with the 5% and 95% point-wise quantiles (shaded areas), form = 2, 3,
and a sample size of n = 10000. In addition, Table 3.1 summarises the results in terms of relative
bias and root mean squared error (RMSE). Overall we observe that, under the correct marginal
and copula specification, estimates of the parametric and non-parametric components are near
their true values and are less variable as the sample size increases. On the other hand, when the
copula is misspecified, the parameter estimates that characterise the marginal distribution of Y5
appear to be slightly under- or overestimated. In particular, when the model for Cy3 is based on
the Joe copula family ## and 713 are slightly underestimated but estimates of 37° are practically
unbiased. When C;3 is based on the Gaussian copula, the true values of 5#3 and 73 are slightly
overestimated whereas [ is underestimated. In terms of the smooth terms, the misspecified
model based on the Gaussian copula recovers the shape of true function better than the one based

on the Joe copula.

3.5 Empirical application

We now revisit the empirical application from Chapter 2 and analyse the subset of the MEPS data
using copula-based ESR models. Recall that the study aims to investigate the effects of the uptake
of supplementary insurance on out-of-pocket prescribed drugs expenditures for individuals over
65 years old, while accounting for several other socio-economic and health-related factors. At the
time of data collection, Medicare did not cover for prescribed drug expenditures and individuals

may have chosen to obtain supplementary services to cover against certain out-of-pocket expenses.

!"The number of repetitions is chosen based on the simulation study in Chapter 2 and references therein. Using the
principled approach described there on the scenario for the correctly specified model with n = 10000; an initial run
of Ny = 50; and focusing on the bias obtained for the Kendall’s tau parameters (712 and 713) yields N = 135 and
N = 282 repetitions.
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Figure 3.1: Boxplots of the estimates of 812, 81, 572, 852, and 712, T13 for the correctly specified model (normal and

log-normal marginals linked by the Joe and Gumbel copulas) and when one of the copulas is misspecified (normal and
log-normal marginals linked by either the Joe and Joe copulas or the Joe and Gaussian copulas). The true values of the

parameters are 8)2 = 1.3, 51 = 2.1, 852 = 0.9, 353
the plots). The sample size are n € {3000, 5000, 10000}.

Joe - Gumbel

= 1.1, 712 = 0.2, and 713 = 0.4 (indicated by a dashed line in

Joe - Gaussian

Figure 3.2: Mean estimates of s/2

(z2) (top row, blue line) and s/®
n = 10000 under the correctly specified model (normal and log-normal marginals linked by the Joe and Gumbel
copulas) and when one of the copulas is misspecified (normal and log-normal marginals linked by either the Joe and
Joe copulas or the Joe and Gaussian copulas). The shaded areas correspond to the 5% and 95% point-wise quantiles.
The true functions are represented by dashed lines.

(z2) (bottom row, red line) for a sample size of
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Relative bias RMSE Relative bias RMSE

Ci2—Cizln 3000 5000 10000 3000 5000 10000 3000 5000 10000 3000 5000 10000

G2 G143
1 1

Joe-Gumbel  0.0072  0.0003  0.0003 0.0768 0.0563 0.0388 0.0023  0.0009 -0.0009 0.0559 0.0492 0.0313

Joe-Joe 0.0074  0.0005 0.0006 0.0770 0.0563 0.0388 -0.0234 -0.0254 -0.0277 0.0742 0.0718 0.0658
Joe-Gaussian  0.0056 -0.0015 -0.0015 0.0766 0.0560 0.0388 0.0022 0.0056 0.0054 0.087 0.0654 0.0351
502 303
0 20

Joe-Gumbel ~ 0.0012 -0.0016 0.0001 0.0187 0.0146 0.0102 -0.0006 0.0001 -0.0008 0.0212 0.0163 0.0122

Joe-Joe 0.0011 -0.0017 0 0.0187 0.0146 0.0102 0.0005 0.0008 -0.0004 0.0224 0.0173 0.0123
Joe-Gaussian  0.0014 -0.0014  0.0002 0.0187 0.0146 0.0102 -0.0196 -0.0180 -0.0189 0.0311 0.0264 0.0245
712 13

Joe-Gumbel  0.0972  0.0257 0.0121 0.0475 0.0311 0.0220 0.0308 0.0153 0.0094 0.0577 0.0501 0.0338
Joe-Joe 0.0950 0.0236 0.0102 0.0473  0.031 0.0219 -0.2481 -0.2673 -0.2778 0.1146 0.1181 0.1156
Joe-Gaussian  0.1019  0.0302  0.0162 0.0479 0.0312 0.0220 0.0240 0.0547 0.0674 0.1439 0.0992 0.0485

§2(z2) §2(22)
Joe-Gumbel ~ 0.0498  0.0377  0.0276 0.1378 0.1043 0.0810 0.0131  0.0125 0.0091 0.1008 0.0818 0.0591

Joe-Joe 0.0496  0.0368 0.0266 0.1379 0.1040 0.0808 0.1572 0.1622 0.1619 0.1854 0.1807 0.1717
Joe-Gaussian  0.0497  0.0385  0.0289 0.1378 0.1047 0.0814 0.0710 0.0825 0.0928 0.1778 0.1446 0.1140

Table 3.1: Relative bias and RMSE for 342, 33 Ag 2,353,%12, 713, and smooth functions estimates §{?(x2) and
843 (z4), obtained under different copula specifications, with sample sizes n € {3000, 5000, 10000}. The true copulas
Ci2 and C;3 are the Joe and the Gumbel, respectively. The misspecified models are those in which C13 corresponds
to either the Joe or the Gaussian copulas. The true values of the parameters are 312 = 1.3,81% = 2.1,552 =
0.9,85% = 1.1, 712 = 0.2 and 713 = 0.4. The true smooth functions are s (z2) = x2 + exp[—32(z2 — 0.5)?] and
543 (x2) = 0.3 4+ x2 + exp[—30(x2 — 0.35)7].

Having supplementary insurance raises then concerns of potential endogeneity, since it is plausible
that there are some unobserved individual characteristics that affect simultaneously prescribed
drugs expenditures and obtaining supplementary insurance. For further details, we refer the reader
to Section 2.6 of Chapter 2.

As pointed out by Mullahy (2009), healthcare expenditures distributions are generally right-
skewed and exhibit relatively ‘heavy’ upper tails. While the log transformation of the response
performed in Chapter 2 enables to proceed the analysis under the classical distributional assump-
tions, it is plausible that the distributions of the regime variables can be better described by other
parametric families. The copula-based approach allows to explore, besides the log-normal, several
other distributions that have been proposed to model healthcare expenditures such as the gamma,
Weibull, Dagum, and Sigh-Maddala (see, for example, Deb & Norton, 2018; Manning et al.,
2005; Manning & Mullahy, 2001; Mullahy, 2009). Moreover, the bivariate normality assumption
between the switching and the regimes variables is somewhat restrictive and may not reveal certain
characteristics of the data. For instance, the association between the variables, measured by the
correlation coefficients, is restricted to being linear and the Gaussian distribution does not capture

tail dependence. The copula approach enables to inspect several modelling assumptions, such as

the presence of tail dependence, in terms of the association structure implied by the copula.
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We start by making an assessment of potential candidate distributions to model the switching
mechanism and each of the regimes. Then, we explore several copula specifications to model the
association between having supplementary insurance and prescribed-drug expenditures for each
regime.

With respect to the switching mechanism, we investigate several models using the following
specification

supplementary; ~ Fi(p1,1), i=1,...,n,

where F7 is either the normal, logistic, or Gumbel distribution, and the location parameter is

related to the following additive predictor

pi = nit = B + B gender; + B4 race; + B multloc; + )" (age;)

+ sh"(Log (income) ;) + s5" (chronic;) + s} (ssiratio;).

The effects of the continuous covariates are modelled using smooth functions, sé‘ () for j =
1,...,4, and are represented using thin plate regression splines (see Section 2.2.1). An assessment
of the results indicates that all the covariates included in the predictor are highly significant for the
three different specifications. Table 3.2 shows the AIC/BIC values obtained under the different
modelling options and suggest using the normal specification. A further sensitivity analysis was
carried out once the rest of the ESR model components were chosen and suggested that the final

results are robust to the three different specifications of the switching mechanism (not shown here).

2} AIC BIC

Normal 11279.1 11469.4
Logistic 11281.6 11471.5
Gumbel 112809 114719

Table 3.2: AIC/BIC values obtained after fitting the switching mechanism using the normal, logistic and Gumbel
distributions.

In terms of the models for the regime variables, we consider the aforementioned parametric
families, that is, the log-normal, gamma, Weibull, Dagum, and Sigh-Maddala distributions (a ta-
ble containing the expressions of the pdf, cdf, expectation and variance of these distributions can
be found in Appendix B.3). We initially allow for all the covariates to enter the predictors that
model the distribution parameters and proceed by using a backward selection approach, based

on the AIC/BIC, to arrive at the final model specifications for each regime (see, for example,
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Stasinopoulos et al., 2017; Voudouris et al., 2012, for model selection approaches in the contexts
of GAMLSS). Univariate models were fitted using the gamlss function from the GJRM pack-
age (Marra & Radice, 2021). The goodness of fit of the candidate marginal distributions can be

assessed using the normalised quantile residuals (Dunn & Smyth, 1996), defined as
,':;m’L:@_l{Fm(ymz|émz)}7 m:2,37i:1,...,n,

where 1 (+) is the inverse of the cdf of the standard normal distribution, and émi is the vector of
estimated distribution parameters. Letting u,,, = Fi,(y | O1,), it is well known that w,, ~ U(0, 1)
and, assuming that the model is correctly specified, the quantile residuals 7,,,; are approximately
standard normal. This implies that normal Q-Q plots of #,,; can be used as graphical tools to assist
with modelling decisions and to detect lack of fit of the candidate distributions for each of the
regimes.

Table 3.3 contains the AIC/BIC values corresponding to the final specifications of each of the
considered modelling options for each regime, whereas Figures 3.3 and 3.4 show Q-Q plots of the
normalised quantile residuals. Based on the values of the selection criteria and on an assessment

of the Q-Q plots, the log-normal distribution appears to provide the best fit to the data for both

regimes.
Marginal distribution ~ Candidate distribution AIC BIC
Log-normal 57287.6 57390.8
Singh-Maddala 57388.5 57526.8
Fy Dagum 574249 57518.1
Gamma 575753 57714.1
Weibull 57661.8 57847.1
Log-normal 90711.2 90829.2
Singh-Maddala 90865.1 90997.4
Fy Dagum 90914.3 91042.2
Gamma 91159.8 91280.3
Weibull 91308.9 91421.6

Table 3.3: AIC/BIC values corresponding to univariate GAMLSS based on the log-normal, Singh-Maddala, Dagum,
gamma, and Weibull distributions for each regime. The lowest AIC/BIC values are in bold.

The chosen models for each of the regime variables are specified as follows

expenditure) ; ~ Fo(fimi, Omi), m=2,3 i=1,...,n,

where F,,, corresponds to the log-normal distribution and the location and scale parameters are
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Figure 3.3: Q-Q plots of the normalised quantile residuals obtained from univariate GAMLSS for individuals with
supplementary insurance based on the log-normal, Singh-Maddala, Dagum, Gamma, and Weibull distributions.
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Figure 3.4: Q-Q plots of the normalised quantile residuals obtained from univariate GAMLSS for individuals without
supplementary insurance based on the log-normal, Singh-Maddala, Dagum, Gamma, and Weibull distributions.

related to the following additive predictors

ni™ = gi™ + B gender; + B race; + si™ (age;) + sh™(log (income) ;)

+ s5™(chronicy),

Om

ni™ = By™ + s7™(chronic;).

The effects of the continuous covariates are modelled using smooth functions, 39‘ " () for j =
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1,...,3,and s7™(-), which are represented using thin plate regression splines.

Given the univariate marginal models, the next stage consists of choosing candidate copula
functions to specify the joint distributions F1,,(supplementary’, expenditure’ . | O1pm;),
for m = 2,3. We first perform an assessment on the strength and direction of the association
parameters between the switching mechanism and each regime by fitting a model using Gaussian
copulas. The results (roughly equivalent to those obtained in Chapter 2) indicate a positive asso-
ciation between insurance status and prescribed-drug expenditures at both levels of insurance. We
then proceed by fitting several models using different combinations of copulas that allow for pos-
itive dependence, namely the Gaussian, Clayton, Gumbel, and Joe families. To choose among the
candidate models, the copula-based regression literature favours the use of the AIC/BIC (Gomes
et al., 2019; Zimmer, 2013) however, Brechmann & Schepsmeier (2013) also suggest the use of
formal hypothesis tests for non-nested models such as those proposed by Vuong (1989) and Clarke
(2007).

Table 3.4 reports the best three models in terms of AIC/BIC, the Gaussian-Gaussian specifi-

cation (included for reference) and the estimated values of 79 and 713. The model that obtains

Ci2-Ci3 AIC BIC T12 (95% CI) 713 (95% CI)

Joe - Gumbel 1592163 159683.9 0.187 (0.144,0.228) 0.399 (0.321,0.475)
Joe - Gaussian 159221.9 159694.2 0.187 (0.146,0.233) 0.449 (0.373,0.524)
Joe - Joe 1592222 159677.3 0.185(0.145,0.231) 0.280 (0.216,0.354)

Gaussian -Gaussian  159236.0 159712.0 0.260 (0.132,0.368) 0.446 (0.362,0.521)

Table 3.4: AIC/BIC values and estimated values of 712 and 713 (with 95% credible intervals) obtained using different
combinations of copula functions in the copula-based ESR model with marginals based on the normal and log-normal
distributions. C12 and Cy3 denote the copula families used to model the joint distributions Fi2 and F73, respectively.

the lowest AIC specifies the joint distributions F'2 and F3 using the Joe and the Gumbel copulas,
respectively. In contrast, the model with the lowest BIC specifies both joint distributions using
the Joe copula. Performing a series of Vuong and Clarke tests to discern among the best three
specifications suggest that all models provide similar fits to the data. However, as pointed out
by Trivedi & Zimmer (2007), the main interest in many empirical applications lays on choosing
an appropriate distribution to model the response and determining the statistical significance of
association parameters, rather than on the particular form that the joint distributions Fj2 and Fi3
take. Furthermore, the dependence structures implied by the Gumbel and Joe copula families are
relatively similar. They both exhibit upper tail dependence but the Gumbel has a thinner upper tail
(see, for example, the contour density plots of the Gumbel and Joe copulas for different values of

the Kendall’s tau shown in Figure B.1 in Appendix B.1). This suggests that the interpretation of
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the dependence structure implied by the models with the best AIC and BIC are relatively similar.
In what follows we report the results using the Joe and Gumbel copula specifications.

Since the association parameters d1,,, for m = 2, 3, are copula specific, we provide estimates
(and 95% credible intervals) of the Kendall’s tau. Both estimated values 712 = 0.187(0.144, 0.228)
and 713 = 0.399(0.321,0.475) capture individual self-selection into insurance. Similarly to the
results obtained in Chapter 2, the estimated values of 712 (or 713) suggest that on average, and
among individuals with extra insurance (or Medicare-only individuals), unobserved characteris-
tics that influence having supplementary coverage also influence out-of-pocket prescribed drug
expenditures. The copula-based approach also allows to make an assessment of the dependence
structure implied by the copula functions. The results suggest that large values of expenditures
are accompanied by a higher chances of having supplementary insurance however, low expendi-
tures do not necessarily imply lower chances of having extra insurance. This feature cannot be
captured using the models presented in Chapter 2 under the standard distributional assumptions.
Furthermore, these results seem to align with the literature (see, for example, Fang et al., 2008).

We now focus on the outcome of interest for each regime. As explained in Kneib et al. (2021),
interpretation of the results in the context of GAMLSS models is generally difficult since we
cannot directly assess the effects of the explanatory variables on the moments of the chosen dis-
tribution, the distributional parameters are subject to transformations, and the same covariate can
enter different additive predictors.

Table 3.5 summarises the parametric estimates obtained by applying the 2-step approach
(ESR-2-step), the classical fully parametric ESR (ESR - parametric ML), and the chosen copula-
based model (ESR - Copula: Joe-Gumbel). The 2-step approach did not yield standard errors for
the estimates. Estimates of the correlation coefficients for the 2-step and parametric ESR meth-
ods have been transformed to the Kendall’s tau, to allow for comparison with the copula-based
approach.  Figure 3.5 summarises the estimates of the parametric and non-parametric model
components (and 95% credible intervals) related to the distribution parameters of the univariate
marginal models, for individuals with supplementary insurance (shown in blue) and for those us-
ing Medicare only (shown in red). The effects of gender and race on pg and p3 are linear, as
it is the effect of the number of chronic conditions on log o3. Individual’s gender is only a
significant contributing factor for p9, whereas the effect of race is negative and significant for
both uo and 3. The effect of age shows a high degree of non-linearity and, overall, affect 9 and

w3 negatively. The relationship of 1og (income) with ps and p3 shows an overall downward
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Model ESR - 2-step ESR - parametric ML ESR - Copula: Joe-Gumbel
Estimates | Regimes  Supplementary Medicare = Supplementary Medicare Supplementary Medicare
(Intercept) 6.369 7.539 6.354 7.468 6.597 7.209
- - (5.962,6.745) (7.086,7.85) (6.532,6.662)  (7.116,7.302)
gender:female -0.04 -0.108 -0.018 -0.103 -0.009 -0.086
- - (-0.084,0.049)  (-0.16,-0.047)  (-0.072,0.054)  (-0.14,-0.033)
race:Black/Hispanic -0.15 -0.184 -0.129 -0.18 -0.128 -0.162
- - (-0.224,-0.034)  (-0.25,-0.109)  (-0.222,-0.034)  (-0.23,-0.094)
age -0.01 -0.014 -0.01 -0.013
) ) (-0.015.-0.004)  (-0.018.-0.009) (smooth term)  (smooth term)
log (income) 0.09 0.064 0.065 0.058
) ) (0.024.0.106) (0.024.0.093) (smooth term)  (smooth term)
chronic 0.309 0.31 0.307 0.309 (smooth term)  (smooth term)
- - (0.282,0.331)  (0.289,0.329)
o) 1.007 - 0.989 - 0.934 -
- - (0.936,1.042) - (0.887, 0.956) -
03 - 0.979 - 1.016 - 1.023
- - - (0.965,1.066) - (0.973,1.068)
T12 0.427 - 0.303 - 0.186 -
- - - - (0.144,0.228) -
713 - 0.455 - 0.400 - 0.399

- - - - - (0.321,0.475)

Table 3.5: Parameter estimates and 95% confidence/credible intervals obtained using the 2-step approach (ESR - 2-
step), the parametric ESR (ESR - parametric ML), and the copula-based model (ESR - Copula: Joe-Gumbel). The
2-step approach did not yield standard errors for the estimates. Smooth function estimates for the non-parametric terms
of the copula-based model are reported in Figure 3.5.
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Figure 3.5: Estimated parametric and non-parametric effects, and 95% credible intervals, for ., and log(oy,), for
m = 2, 3. Estimates in the supplementary regime are shown in blue whereas those in the Medicare regime are shown
in red. The jittered rug plot in the x-axis indicates the values of the covariates in the data.
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trend for individuals with low annual income followed by an upward trend for individuals with
higher incomes. Lastly, the effect of chronic shows that as the number of chronic conditions
increases o and u3 increase but the effect is reversed for log o2 and log o3.

In order to provide further interpretation of the results, we follow the approach presented
in Kneib et al. (2021) and Stadlmann & Kneib (2022) and show visualisations of the marginal
influence of several covariates on the expected value of the response at each level of insurance.
In particular, Figure 3.6 shows effect displays (Fox, 2003) that depict the influence of individual’s
age, log (income), and number of chronic conditions on the predicted expected value of
the response, for individuals with and without supplementary insurance, while keeping the rest
of the covariates fixed at their mode/mean. The effects are shown in blue for individuals with
supplementary insurance and in red for those with Medicare only. The shaded areas represent
95% credible intervals. Plots on the left-hand side correspond to ‘average’ Black/Hispanic females
while those on the right-hand side correspond to ‘average’ White females. In terms of age, the
expected expenditure appears to decrease as the ‘average’ individual gets older, for both levels
of the insurance status and race. The effects displays of 1og (income) show that the expected
values of expenditure for the ‘average’ individual follow a somewhat downward trend for low
levels of income and a upward trend for higher incomes. Lastly, The effects of chronic on
expected expenditure for the ‘average’ individual increases non-linearly with the number of
chronic conditions, for both levels of insurance status and race.

The estimated average treatment effect of supplementary on expenditure, together
with a 95% credible interval?, for a randomly chosen individual is —1285(—1586, —997). The
result does not differ much from that obtained in Chapter 2 and suggests that, on average, having
supplementary insurance leaves a randomly chosen individual about $1285 better off in terms of

prescribed drugs expenditures.

3.6 Discussion

In this chapter, we have presented copula-based ESR models that relax the distributional assump-
tions of the classical framework. The modelling approach allows for the joint distributions of the
switching variable and each of the regime responses to be modelled using a range of parametric

bivariate copula functions. Furthermore, the regime responses are embedded into the GAMLSS

2Credible intervals are constructed using the simulation steps described in Section 2.4 implemented in the GJRM
package.
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Figure 3.6: Effects of age, 1og (income), and number of chronic conditions on the predicted expected value
of the response for individuals with and without supplementary insurance. Effects on the supplementary regime are
shown in blue, whereas those on the Medicare regime are shown in red. The shaded areas represent 95% credible
intervals. Plots on the left-hand side correspond to ‘average’ Black/Hispanic females while those on the right-hand side
correspond to ‘average’ White females.
framework, modelled using several two- and three-parameter continuous distributions, in which
each distribution parameter is associated with a flexible linear predictor of covariates that accounts
for linear, non-linear, and spatial effects. The approach to parameter estimation and inference is
well-established in the copula regression modelling literature. We have also performed a simula-
tion study to assess the empirical properties of the estimators and the effects of copula misspecifi-
cation on the estimates.

In an application, we have studied insurance uptake of individuals over 65 to cover out-of-

pocket prescription drug expenditures. Our findings suggest that, among several candidate dis-

tributions, the log-normal captures well the distribution of out-of-pocket prescribed drug expen-



68 3.6. Discussion

ditures at both levels of insurance. Furthermore, the modelling approach captures self-selection
at both levels of insurance and the dependence structures implied by the Joe and Gumbel fami-
lies suggest that individuals with higher expected out-of-pocket expenditures are more likely to
uptake supplementary insurance. The estimated average treatment effect indicates that having

supplementary insurance constitutes a saving of about $1285.



Chapter 4

A multiple imputation approach for
missing not at random variables with an

application in health economics

This chapter presents a multiple imputation (MI) approach that obtains plausible imputed values
for a continuous variable assumed to be missing not a random and not restricted to be Gaussian.
The approach is derived from a copula-based specification of the sample selection model and
allows to create imputations for a partially observed variable under different assumptions about the
distributions of the missingness mechanism and the variable subject to missing values. Similarly
to other MI approaches in the literature, the imputation scheme can be embedded into the fully
conditional specification strategy to MI.

In an application, we re-examine the non-randomised component of the REFLUX study! in
which the response variable is missing for almost 50% of the participants and suspected to be
missing not at random. The aim of the analysis is to evaluate the effect of surgery on long-term
patient’s health status, among individuals with gastro-oesophageal reflux disease, using different
modelling strategies and assumptions about the missingness mechanism and the distribution of the
response. We find that estimates of the effect of surgery are significant, regardless of the modelling
approach. The MI estimates for the effect of surgery and other model parameters are very similar
to those obtained using a copula-based sample selection model and, in some instances, they have

slightly smaller standard errors.

'The REFLUX trial was funded by the NIHR Health Technology Assessment Programme (Project No 97/10/03)
and was published in full in Health Technology Assessment. Volume 17, issue 22.

69
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The contents and structure of this chapter are based on the following publication: "Gomes, M,
Radice, R, Camarena Brenes, J, Marra, G. - Copula selection models for non-Gaussian outcomes
that are missing not at random. Statistics in Medicine. 2019; 38: 480-496".

I participated in the draft and publication of the paper. Specifically, my contributions to the
paper were Section 4.4 "MI based on the copula selection model”, where the MI approach is
presented; and appendices G, I, and J, which are related to the derivation of the copula-based
likelihood model, the conditional density of the missing values, and details about the rejection
algorithm used to obtain imputations. I did not contribute to the introduction, simulations, and the
empirical application in the paper. The work was carried out under the supervision of Professor
Rosalba Radice and Professor Giampiero Marra.

In relation to the contents of this chapter, Section 4.2 gives an overview of missing data ter-
minology and is not included in the publication; Section 4.3 reviews sample selection models and
is similar to Sections 4.1, 4.2, and 4.3 in the published paper; Section 4.4 expands on Section 4.4
from the publication. The simulation study in Section 4.5 has been carried out separately, and
complements the results of the published paper. The empirical application in Section 4.6, which
is the same as in the published paper, has also been carried out separately for this chapter, using
the data provided by Dr Manuel Gomes, and with the permission of the Centre for Healthcare

Randomised Trials unit from the University of Aberdeen.

4.1 Introduction

Missing data is a common problem encountered by researchers across different fields. For in-
stance, situations such as non-response in surveys, failure to return self-reported questionnaires
after interventions, or individual dropout in clinical studies are frequent (Grant et al., 2013; Little,
1982; Molenberghs & Kenward, 2007; Gomes et al., 2019). In the presence of partially observed
variables, the challenge is to obtain valid inferences about the process that generated the data using
only the observed data.

The formal framework to statistical modelling with missing data assumes that there is an un-
derlying process that determines whether data are observed or missing and, generally, requires the
specification of a joint model for the data and the missing data mechanism. Rubin (1976) defined
and classified the missingness mechanism as missing completely at random (MCAR), missing at

random (MAR), and missing not at random (MNAR). Without being exhaustive, the methodology
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for handling missing data can be categorized into likelihood-based methods (either from a frequen-
tist or a Bayesian point of view), weighting, and MI approaches (see, for example, Molenberghs
et al., 2014). In this chapter, we present a MI approach based on the sample selection (SS) mod-
elling framework that obtains plausible values for imputation of a partially observed continuous
variable assumed to be MNAR.

As anticipated in Chapter 1, SS models (Heckman, 1974, 1976, 1979) are frequently used in
situations where the researcher suspects that a partially observed outcome of interest is MNAR
(see, for example Barnighausen et al., 2011; Genius & Strazzera, 2008; Gomes et al., 2020, 2019;
Sales et al., 2004). The classical specification of SS models consists of a simultaneous system
of regression equations describing the selection or missingness mechanism and the substantive
model of interest, where the error terms are assumed to be bivariate normal. Estimates of the
model parameters are usually obtained using a two-step approach or via maximum likelihood.
The classical framework has been extended in several directions, for example, based on semi- and
non-parametric frameworks (Ahn & Powell, 1993; Gallant & Nychka, 1987), using alternative dis-
tributional assumptions such as the ¢ or the skew-normal (Marchenko & Genton, 2012; Ogundimu
& Hutton, 2016), or using copula functions to model the joint distribution of the selection and
response variables (Smith, 2003; Wojtys et al., 2018). In the context of missing data, a drawback
of the SS framework is that the model only allows for missing values on the response and discards
all the observational units with missing values in any of the explanatory variables. This may lead
to biased and less precise parameter estimates (Carpenter & Smuk, 2021).

The MI framework was introduced by Rubin (1977, 1978, 1987) in the context of non-response
in surveys and has become a widely used strategy to deal with missing data in several disciplines
(King et al., 2001; Sterne et al., 2009; van Buuren et al., 1999). The MI approach can be understood
as a way of imitating the data generating process by filling in the missing values with multiple
plausible draws from appropriate imputation models in order to obtain several imputed data sets.
The completed data sets are then analysed, employing the methods that would have been used
in the absence of missing data, and the results are combined using what are commonly known
as Rubin’s rules. The main advantages of MI over other approaches are that the framework can
be applied to impute several partially observed variables in the data, the analyses carried out in
the completed data sets can generally be performed using standard software, and the combining
Rubin’s rules are generic and can be applied to estimates obtained from a wide range of analyses

(see, for example, Harel & Zhou, 2007; Rubin, 1996; Zhang, 2003, for reviews on MI).
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The two main strategies to MI when a data set contains several variables with missing values are
referred to as the joint and the fully conditional specifications. The former models the data jointly
using a multivariate distribution, usually the multivariate normal, and imputations are drawn from
this distribution once the parameters have been estimated (Schafer, 1997). The latter specifies
separate univariate conditional models for each variable subject to missingness given the observed
(or already imputed) data, and then impute the missing values sequentially (van Buuren, 2007).
MI approaches are usually constructed under the MAR assumption however, the framework
can also be employed when data is assumed to be MNAR (Gomes et al., 2019; Rubin, 1987;
Schafer, 1999). For instance, Galimard et al. (2016) proposed an imputation approach based
on Heckman’s two-step estimation method and Ogundimu & Collins (2019) proposed imputing
the missing values from an imputation model derived from a SS model based on the bivariate
t distribution. In contrast, the imputation approach presented in this chapter is derived from a
specification of the SS model using copula functions (Gomes et al., 2019; Smith, 2003; Wojty$§
et al., 2018). The copula modelling framework allows to specify the models for the missingness
mechanism and the MNAR variable using a wide range of distributions. This, in turn, permits
to construct imputation schemes under different modelling assumptions about the missingness
mechanism and the partially observed variable. The imputation model can be easily incorporated
into a fully conditional strategy to MI to deal with missing values in several variables in the data.
In an application, we re-examine the non-randomised component of the REFLUX study (Grant
et al., 2008, 2013; Gomes et al., 2019, 2020), a five year follow-up analysis of a clinical trial that
evaluates the effect of using surgery, compared to continuing medication, on long-term patient’s
health status among individuals with gastro-oesophageal reflux disease in the UK. The response
variable is constructed using participants’ self-reported questionnaires and is missing for almost
50% of the individuals due to patients not returning the questionnaires at some point during the
follow-up period. As pointed out by Gomes et al. (2019), the researchers in the study suspected
that it was plausible for the outcome to be MNAR. The aim of the analysis is to compare the
robustness of the conclusions of the study under different modelling strategies based on assump-
tions about the distributions of the missing mechanism and the response. We find that estimates
of the effect of surgery are significant, regardless of the approach used, but their magnitude differs
slightly depending on the modelling strategy. The MI estimates for the effect of surgery and other
model parameters are very similar to those obtained using a copula-based SS model and, in some

instances, they have slightly smaller standard errors.
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The remainder of this chapter is structured as follows: Section 4.2 gives a general overview of
the terminology used in the missing data literature, and the role of the mechanism governing the
missing data in statistical modelling. Section 4.3 describes the classical SS model and the copula-
based SS model proposed by Wojtys et al. (2018). In Section 4.4, we present a MI approach
for variables assumed to be MNAR based on the aforementioned copula SS model. Section 4.5
contains a simulation experiment to study the empirical properties of the imputation approach.
Section 4.6 investigates the robustness of the conclusions from the non-randomised component of
the REFLUX study under different modelling assumptions. Lastly, in Section 4.7 we discuss the

MI approach and the empirical results.

4.2 An overview of missing data terminology

In this section, we provide an overview of the main terminology used in the missing data literature
and some of the notation we will use in this chapter. For simplicity, we focus the exposition on
likelihood-based approaches where a response variable is subject to missingness, given a fully
observed vector of covariates.

Let Y7 denote a missing data indicator such that Y; = 1 when the outcome variable of interest
Y5 is observed and Y; = 0 when missing, and let x correspond to a vector of fully observed
covariates. In the presence of missing data, likelihood-based approaches to inference are based on
the joint model for the missing data indicator and the response given the covariates with density
f(y1,y2 | x,0), where 6 denotes a vector of parameters.

Statistical analysis with missing data is tied to a problem of identification of the parameters
characterising f(y1,y2 | X, @), which can be understood by inspecting the following factorization

of the joint density (Daniels & Hogan, 2008)

Fsve |%.8) = {fz | = 1,x,00)P [vi = 1x]}"

4.1)
I-y1
{f(yQ|y1:0,X,0M)P[Y1:0’X]} )

where f(y2 | y1 = 1,x,600) and f(y2 | y1 = 0,%,0)s) correspond to the conditional densities of
the observed and missing values, characterized by the parameter vectors 8 and ), respectively.
Since we do not observed Y when Y; = 0, the parameters in f(y2 | y1 = 0,X,03s) cannot be
identified unless the researcher imposes parametric assumptions about either the distribution of

the missing values given the observed, or the joint model and/or the process governing the missing
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data, which are unverifiable from the data at hand (Molenberghs et al., 2014).
Given a sample of n incomplete observations (y14, y2;, X; ), the observed data likelihood is

obtained by integrating out the missing values from the joint density, that is,

n

Loys(0) = H/ f(y1is voi | xi, 0)dys
{y2: y1=0}

i—1
= H J(yti | y2i, %4, 01) f (25 | x4, 62) 4.2)
y1.=1
11 / Fri | y2isxi, 01) f (y2i | xi, 02)dyo,
y1:=0 7 {y2: y1=0}

where f(y1; | y2i,Xi, 01) corresponds to a model for the missingness mechanism, f(y2; | X;, 02)

corresponds to a model for partially observed variable, and 8 and 0> are parameter vectors.
Inference about the parameters of interest depends on the assumptions made about the process

characterising the relationship between the missing and observed data. Rubin (1976) categorised

these assumptions as follows:

e Data are assumed to be MCAR if the probability of the response being observed or miss-
ing does not depend on the response itself or any other variable. Under this assumption,

the model for the missingness mechanism can be written as follows f(y1; | y2i,Xi,01) =

f(yi | 01).

e Data are said to be MAR if the probability of the response being observed or missing does
not depend on the missing values given the observed. That is, we write the model for the

missingness mechanism as follows f(y1; | y2i, X, 01) = f(y14 | X, 01).

e Data are thought to be MNAR if the missingness mechanism depends on the unobserved
components of Y>, which implies that the probability of the variable of interest being ob-
served or missing depends on the variable itself, even after accounting for other observed

variables. We write the model for the MNAR mechanism as f(y1; | y2i, X;, 01).

The MAR assumption implies that the observed data likelihood in (4.2) can be written as

follows
n

Lobs(0) =[] f(w1s | Xi>01)/ f(y2i | xi, 02)dyo.

i=1 {y2: y1=0}
A consequence of assuming data is MAR is that we implicitly make an assumption about the
conditional density of the missing values (given the observed data) that identifies the model pa-

rameters. MAR implies that Y7 and Y5 are conditionally independent and therefore the distribution
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of the response is the same regardless of whether Y5 is observed of not, i.e.,

fyai |y = 1,%4,00) = f(y2i | Xi,0) = f(y2i | y1: = 0,%4,0n1).

Moreover, if in addition to MAR, 81 and @5 are disjoint or variation independentz, the missingness
mechanism is said to be ignorable and inference can proceed based on a model for the observed
data, ignoring the process that causes the missing data (Rubin, 1976). In a regression context, the
ignorability assumption implies that, under a correctly specified model, a complete-case analy-
sis (using only the observational units with fully observed variables) yields consistent parameter
estimates and valid inferences since the i contribution to the observed data likelihood for an
individual with missing response is equal to 1 (see, for example, Carpenter & Kenward, 2012;
Carpenter & Smuk, 2021).

When data are thought to be MNAR, the missingness mechanism is called non-ignorable and
obtaining valid inferences about the parameters of interest requires specifying a joint model for

the pair of variables (Y7, Y2), for instance, using the SS framework which we describe next.

4.3 Sample selection models

Sample selection models (SS; Heckman, 1974, 1976, 1979) are frequently used in situations where
the researcher suspects that the outcome of interest is missing not at random (MNAR; see, for
example Birnighausen et al., 2011; Genius & Strazzera, 2008; Gomes et al., 2020, 2019; Sales
et al., 2004). For instance, the response variable in the REFLUX study (Section 4.6) measures
long term patient’s health status and is missing for almost 50% of the individuals. The variable was
constructed using self-reported questionnaires and researchers in the study suspected that patients
in worse health were less likely to participate. This suggests that the missingness mechanism may
depend on the variable that is missing and raises concerns about the plausibility of the variable
being MNAR (see, Grant et al., 2008, 2013; Gomes et al., 2019, for further details).

The classical specification of SS models consists of a simultaneous system of regression equa-
tions describing the selection or missingness mechanism and the substantive model of interest,
where the error terms are assumed to be bivariate normal. SS models are sensitive to distributional

misspecification (Pigini, 2015) and the classical model has been extended in several directions,

The parameter vectors 61 and 6 are said to be disjoint if the parameter space of 8 is the product of the parameter
spaces of @1 and 2. This is also called the separability condition. From a Bayesian perspective, the condition also
requires that the parameters are a priori independent. (Rubin, 1976).
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for example, based on semi- and non-parametric approaches (Ahn & Powell, 1993; Gallant & Ny-
chka, 1987), using alternative distributional assumptions (Marchenko & Genton, 2012; Ogundimu
& Hutton, 2016), or using copula functions (Smith, 2003; Wojtys et al., 2018). The copula ap-
proach provides a convenient framework to specify the distributions of the missingness/selection
mechanism and the outcome of interest separately from the copula function that captures the de-
pendence structure in the data. The framework also allows researchers to work under several
distributional assumptions and assess the robustness of their results. Furthermore, fully paramet-
ric copula approaches are usually less computationally intensive than non- and semi-parametric
methods (Wojtys et al., 2018).

We describe next the specification and approaches to parameter estimation of the classical SS
model and the copula-based extension proposed by Wojty$ et al. (2018). The latter constitutes
the main building block for the MI approach presented in this chapter. Since the assumptions and
identifiability restrictions of these models are similar to those already discussed in Chapters 2 and
3, in order to avoid repetition, we restrict our exposition to model specification and to the main
concepts needed for this chapter.

Let (Y3;, Y2;) denote a pair of random variables generated using the following rules

Vi = Lyzso(Y5), Yaoi = Y1, Y5, i=1,...,n. (4.3)

The Bernoulli random variable Y7; represents the missing data indicator and is determined by the
sign of the continuous latent variable Y7; through the indicator function 1y >0(+). The variable
Y5; denotes the partially observed variable of interest and is determined by Y7; and its latent coun-
terpart Y5, that is, when Y7; = 1 we observe Ys; = Y5 otherwise, Ys; is assigned a dummy value
of zero to represent that the variable is missing. Consider now that Y} and Y5 can be described
by parametric families of distributions, conditional on covariates, and denote their pdfs and cdfs
as fm (Yl | Omi) and Fp,(y,; | Omi), respectively, where 6,,; € R™m represents a vector of i,
distribution parameters, for m = 1, 2. Let us also denote the joint cdf as F'(y;;,v5; | €:), where
0; € R" represents a vector of 71 of distribution parameters.

The classical specification of the SS model follows from assuming that the joint distribution
of (Y5, Y5:) is bivariate normal, leading to univariate Gaussian specifications for the missing-

ness mechanism and the substantive model. The model is generally specified using the following
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system of equations

* T
Y7 = mi + €15 = Xq;681 + €14,

* T
Yo, = m2i + €2 = X9; 82 + €25,

where 7,,,; denotes a linear predictor of covariates and unknown regression coefficients and €,,; is
a normally distributed error term with zero mean and variance o,,, for m = 1, 2. The correlation
coefficient between Y7} and Y5: is denoted by p12. Estimates of the model parameters can be
obtained using the Heckman’s two-step approach or maximum likelihood. The two-step approach
proceeds by fitting a probit model to the first equation in order to obtain estimates of 3; and
compute the estimated linear predictor 7);;. In the second step, the second equation is augmented
with a correction term and parameters are estimated via least squares (further details can be found
in Section 2.3 in the context of the ESR model). On the other hand, the maximum likelihood

approach maximises the following log-likelihood function
n
00) = Z y1i { logay b 4 log

¢ (y% - 772z‘>
- g2
=1

+ Zn:(l — Y14) {log [1 - ¢ (7711)]} ;

=1

Flog | M + p12 (Y2i — n2:) /o2
V 1- P%Q

where 8 = (3], 31, 02, p12)". Further details and reviews of the classical SS modelling approach
can be found, for example, in Pigini (2015), Puhani (2000), and Vella (1998).
The copula-based SS framework specifies the joint cdf of the pair of latent variables (Y7, Y5)

using a bivariate copula function as follows

F(yis,y5 | 0:) = C (Fi(yi; | 01), Fa(ys; | 02:) | 012) 4.4

where 0; = (67];,01,,512)" is a vector of parameters, C(-, -) is a parametric bivariate copula func-
tion, and 415 corresponds to an association parameter that captures the strength of dependence
between its margins and induces the outcome of interest to be MNAR. Recall that an introduc-
tion to the copula-based modelling framework is provided in Section B.1 of Appendix B. Wojty$
et al. (2018) specify the marginal distributions using the GAMLSS framework, which allows for
the distribution parameters to be associated with flexible additive predictors in order to account

for several types of covariate effects. For instance, the missingness mechanism is specified as
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Y5 ~ F1(01;) such that 61; = (11, o1;)7, where Fy corresponds to either the normal, logistic, or

Gumbel distributions. The location parameter is associated with an additive predictor as follows

Pl’fl
L M1 M1 — QM1 H1 M1 1558
i =0 (X B ) = 65+ D Wy (Xpm’ m)’ 5
=1
h M1 s th f . h del _ H1 T w1 T T
where x; ' is the vector of covariates chosen to model 1, B,, = |8y, 8] ,...,,@PM is a

vector of regression coefficients, and each hj,,, (i;fil 0> ;’fjl) denotes a function of a sub-vector
of explanatory variables contained in x4 and regression coefficients whose particular structure
depends on the type of covariate effect, for p,, = 1,...,P,,. The scale parameter oy; is set
to 1 for the usual identification purposes. Recall that each of the functions in the additive pre-
dictor is associated with a quadratic penalty term that imposes particular properties of the effect,

T QM1 : : H1 :
say A S Moy Byu,» where Ap, > 0 is the smoothing parameter and S Ap, 182 penalty ma-

Pry
trix. For further details on the structure of the predictor in (4.5) we refer the reader to Wojty$
et al. (2018). On the other hand, the substantive model is specified as Y5, ~ F5 (62;), such that
02 = (p2i, 02, I/zi)T, where F, can be chosen from a range of two- and three-parameter fam-
ilies of distributions (see, for example, Table 2 in Marra & Radice, 2017, for the definition of

these distributions). Each distribution parameter is associated with a flexible additive predictor as

follows
g#z(/@i) = 7752 (Xéw’ H2) = 52 + Z hlﬁ?biQ (izizi’ 532) ’

) — 92 a2 — (02 E 02 odep) a2
902 (022) - 771 (Xi 9 Ug) — M0 + hpo_Q (Xp02i7 p02> 9
po'2:1
Py
) — Y2 v2 __ QY2 1) SV2 Vo
guz(VZz) =" (Xi ’ Vz) =bho t § : hpu2 <Xpy2i’ pu2) )
=1

where g, (+), 9o, (+), and g,, (-) are known, monotonic, and differentiable link functions that main-
tain the restrictions on the range of the distribution parameters, and the rest of the components are
defined equivalently to those in Equation (4.5).

Given a random sample of observations the log-likelihood function of the copula-based SS
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model can be written as follows

oc <F1(0 | 015), Fa (y2i | 02i) | 512)
OF (y2i | 02:)

00) = yrilogs fo (yai | 021) | 1 -
i—1

+ Z (1 - yh-) log {F1(0 | 011)} s

i=1

where the vectors of distribution parameters are defined as 81; = (p15,01;)" = (g;l1 (nf (B, )) , 1)
T

and O; = (poi,02i,v2)7 = (g,;l (12 (Bua)) » s (072(Bo2)) > 9o (22 (:61/2))> , and each

g~ 1(-) is the inverse of the link function mapping the distribution parameter to its associated

additive predictor. The overall parameter vector contains the regression coefficients together with

T T T T

10 Bluss By 1,2,512)T. Estimates of the parameters

the copula association parameter, i.e., @ = (

are obtained by maximising the penalized log-likelihood

. 1
0 = arg max (,(0) = argmax {E(G) - 20TS>\0} ,
0 0

where %HTS 20 is an overall penalty term and S, is a block-diagonal matrix that contains the
penalty terms associated with the model additive predictors. Inference about the model coefficients
is made from a Bayesian perspective by considering that the penalty term corresponds to the
assumption of setting a prior density on 8. The penalized maximum likelihood estimate 6 can
then be interpreted as the posterior mode and, assuming the smoothing parameters are fixed, the
inferential results are based on the large sample normal approximation to the posterior (Wood
et al., 2016)

9| yw\f(é,v@), (4.6)

A 1 A
where Vg = (—’H(G) +8 ,\> and 7 (6) denotes the Hessian matrix evaluated at the estimated
parameter vector. For further details of the framework we refer the reader to Wojtys et al. (2018)

and Gomes et al. (2019).

4.4 Multiple imputation under MNAR

We present next a MI approach that obtains plausible values for a partially observed variable
suspected to be MNAR based on the copula SS model specification described in the previous

section. We start by giving a general overview of the MI process and describing the combination
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rules that produce overall MI estimates, and then we derive the imputation model adapted to our

context. The approach is implemented in the function imputeSS of the GJRM package.

4.4.1 The MI approach to missing data

The MI approach to missing data was introduced by Rubin (1977, 1978, 1987) in the context
of non-response in surveys. In order to reduce item non-response, and to preserve the privacy
of the respondents while avoiding distortions in the data, MI is generally used before releasing
surveys for public access (Kennickell, 2017). For instance, the Medical Expenditure Panel Survey,
the Survey of Consumer Finances, and the Consumer Expenditure Survey in the US, all contain
imputed values in several of their reported variables. MI can also be used by researchers when
the data to be analysed contain several partially observed variables. An introduction to MI in the
context of economics can be found in Cameron & Trivedi (2005).

The MI framework consists of three steps: (i) generate M > 1 completed data sets by filling
in the missing values with draws from an appropriate imputation model; (ii) perform the required
analysis on each of the M completed data sets to obtain estimates of the model parameters; (iii)
combine the results from the previous step to produce overall estimates that take into account
the imputation process. Recent studies recommend using a number of imputations that is at least
equal to the percentage of missing values (White et al., 2011; van Buuren, 2012; Molenberghs
et al., 2014).

The main advantages of MI over other approaches that deal with missing data are that the
framework can be applied to impute several partially observed variables in a data set under dif-
ferent assumptions about the missing data; the analyses carried out in the completed data sets can
be performed using standard software; and the combining Rubin’s rules are generic and can be
applied to estimates obtained from a wide range of analyses (see, for example, Harel & Zhou,
2007; Rubin, 1996; Zhang, 2003, for reviews on MI).

Until recently, most MI approaches in the literature assumed missing data to be missing at
random (MAR). When the researcher suspects that a partially observed outcome is missing not at
random (MNAR), sample selection models (SS; Heckman, 1974, 1976, 1979) are used however,
this approach only allows for missing values in the response and discards all the observational
units with missing values in any of the explanatory variables. Extending the MI framework to
impute variables suspected to be MNAR is an area of current research. For instance, Galimard

et al. (2016) proposed an imputation approach based on Heckman’s two-step estimation method
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and Ogundimu & Collins (2019) proposed an imputation scheme derived from a SS model based
on the bivariate t distribution.

The attractiveness of the MI approach presented in this chapter is in terms of flexibility. Al-
though fully parametric, the method allows to construct imputation schemes under different mod-
elling assumptions about the missingness mechanism, the distribution of the partially observed
variable, and the dependence structure. The approach also allows the researcher to contrast the
robustness of their results under different distributional assumptions, since it is not limited to ob-
tain plausible draws for imputation from the Gaussian or t distributions as in the aforementioned
developments. Furthermore, the approach can be embedded into a fully conditional strategy to MI
to deal with several partially observed variables in a data set.

Rubin (1977, 1978, 1987) derived the MI approach from a Bayesian point of view in order to
incorporate uncertainty about the missing data in the imputation process and to draw inferences
that reflect the additional variability due to missing data. From a Bayesian perspective, both the
parameter of interest and the missing values are thought of having a distribution given the observed
data. Letting Y3 o5 and Y5 ;5 denote the observed and missing components of Y5 and dropping
the vector of covariates for simplicity, the posterior distribution of 8 given the observed data is

given by
f(g ‘ Y1, Z/Q,obs) = /f(eayQ,mis ‘ ylny,obs)dyZmis
= /f(o | Y2,0bs 5 yQ,mis)f(yQ,mis | Y1, yQ,ObS)dyZ,mis (47)
=E [f(e ‘ y2,ob57y2,mis) | y17y2,obs] y

where the first element of the integral in the second line of (4.7) corresponds to the posterior of
given the ‘complete’ data, in the sense that it would correspond to the posterior of interest had all
the missing values been observed, and the second component represents the posterior predictive
distribution of the missing data given the observed. Furthermore, assuming the order of integration
can be exchanged, the posterior mean and variance of @ can be written as follows (Carpenter &

Kenward, 2012; Little & Rubin, 2019)

E [0 | Y1, y2,obs] =E {E [0 ’ y2,ob37y2,mis] ‘ Y1, y2,obs} ) (48)
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and

Var [9 ‘ y17y2,obs] =E {Var [0 ’ Y2,0bs y?,mis] ‘ y17y2,obs}
4.9

+ Var {E [0 ’ y2,obsv y?,mis] ‘ Y1, y2,obs} .

(1) (M)

The main idea behind MI is that, provided a large number of draws, say 5 .. s ... Ys e

can be obtained from f(y2 mis | Y1,¥2,0bs), the observed data posterior of 8 can be approximated
by averaging the ‘completed’ data posterior f(6 | y2 obs, yénqus) over the repeated draws from
JF(y2,mis | Y1,Y2,00s). Rubin’s rules to obtain the MI estimator for 8, and the corresponding
estimator for the covariance matrix, arise as approximations to the posterior mean and variance
in (4.8) and (4.9). Approximating the inner expectation and variance requires assuming that,
with complete data, the typical normal approximation to the posterior of € holds, i.e, 8 | yo ~
N (é, Vo), where 6 denotes the maximum likelihood estimator and Vg the covariance matrix
evaluated at 6. In our context, this implies that the posterior mean and variance of 8 given the
completed data can be approximated by the mean and variance of the normal approximation, that
is,

(m)
2,mis

~ V(om) ,

(m)

E [0 ’ Y2,0bs5 Y2 mis ~ é(m) and Var |0 | Y2 0bs, Y.

where 6(™) and Vém) are the estimators obtained from each imputed data set, form = 1,..., M.

The MI estimator corresponds to

A 1 M . 1 M
GMI = M Z a(m) ~ M Z E |:0 | y2,obs,ygnm)¢5} ~E [0 ‘ y17y2,obs} ;
m=1

m=1



83 4.4. Multiple imputation under MNAR

whereas the estimator for the covariance of 0, is

_1§:V(m>+ 1 i(é(m)_g )™ — 6T
Vi 2 0 M_1 Z MI MI
1 & m
o mZ::I Var [0 | Y2,0bs5 yg,mis}
P iw: E[H\yzby(m)~}—1§:E[9!y (m,)'}
M—1 2 ,0b52 Y2 mis M o 2,0bs) y2,mzs
(m) IR )
E |:0 | Y2,0bs 5 yQTmsi| - M m,zl E [0 ‘ y?,obsaygzlgs}

~ Var [0 | y1,y2,00s] -

The variance estimator is made up of two terms WMI and BMI, that correspond to the average and
variance of 6 over the repeated draws from f(y2 mis | ¥1, ylobs), respectively, and represent the
within- and between-imputation variability (Little & Rubin, 2019).

When the number of imputations is large, Rubin’s rules allow to carry out inference about
individual parameters the standard way, that is, confidence intervals and tests can be constructed
using the normal as the reference distribution (Molenberghs et al., 2014). For a small number
of imputations, Rubin adjusted the variance estimator by a factor of 1 + M ~! and inference is
based on a t distribution with degrees of freedom given by ¢ = (M — 1)(1 + ;)% where
rvy=1+M _I)Byﬁk} / Wl\&]fk}, such that Bﬂ‘;’ﬂ and W%k} are the between and within variances
for the k™ element of Oy,. These adjustments were important at the time when the computational
cost of generating a large number of imputations (and storing the completed data sets) was high
however, they are less used in current research (Molenberghs et al., 2014). For further details in
the MI framework we refer the reader to Rubin (1987).

The MI approach tackles the problem of missing data using similar ideas to those from the
Expectation-Maximization algorithm (EM, Dempster et al., 1977) and its simulation-based exten-
sions, such as the stochastic EM (stEM, Celeux & Diebolt, 1985), the simulated EM (sEM, Ruud,
1991), and the Monte Carlo EM (MCEM, Wei & Tanner, 1990). The aforementioned strategies
all proceed by filling-in the missing values in some way, and then solving the estimation problem
using the methods that would have been used in the absence of missing values (Rubin, 1991). As

we have seen above, the MI framework is derived from a Bayesian perspective and computes the
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observed data posterior of 8 by averaging the complete data posterior with respect to the posterior
predictive distribution of the missing values given the observed. Parameter estimates and their
covariance matrix are approximations to the posterior mean and posterior variance, respectively.
In contrast, EM approaches obtain the maximum likelihood estimate of @ by iteratively maximis-
ing the expected value of the log-likelihood with respect to the conditional density of the missing
values given the observed, and a current approximation to the maximum likelihood estimate. The
EM algorithm can be summarized as follows: at iteration j, given an estimate of the parameter of
interest, say 8, the following two steps are iterated until some convergence criterion is satisfied

(see, for example, McLachlan & Krishnan, 2008)

Estep:  Q(8]69) = / 00 |y, y2) Fy2 | 1 = 0,09))dys
{y2: y1=0}

=E [5(9 |y, 52) | y179”)] :

M-step: 60U = argmax Q(6 | 1)),
0

where £(6 | y1,y2) denotes the log-likelihood function, and f(y2 | 41 = 0,8Y)) corresponds
to the density of the missing values given the observed and the current estimate of the parameter
vector. Dempster et al. (1977) showed that the value of the likelihood never decreases after each
iteration and, under regularity conditions, Wu (1983) proved that the approach yields a sequence
of values that converges to the maximum likelihood estimate of 6.

When the expectation in the E-step is analytically intractable, the simulation-based EM ap-
proaches replace the integral by an estimate using Monte Carlo simulation, i.e., the E-step be-

comes

1
OJCA Z“Hyl,yz )

M
M=

where yém) represents the partially observed response variable where the missing values have been
replaced by draws from f(y2 | y1 = 0, ol )) at iteration j. The M-step consists of maximising
Q(G | 89)) and both steps are iterated until convergence. The difference between stEM and
MCEM is that the former only obtains M =1 set of imputations per iteration, whereas the later
uses a large number of draws (Nielsen, 2000b). The MCEM and sEM approaches differ in the
way the random draws from f(y2 | y1 = 0, O(j)) are obtained. MCEM obtains independent
realisations at each iteration, while SEM reuses the draws of values to impute in the first iteration

at later iterations (Wang & Robins, 1998; Nielsen, 2000a).
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The main drawback of the EM approaches is that convergence may be slow, in particular,
when the missingness mechanism is non-ignorable (Little & Rubin, 2002). Moreover, the Monte
Carlo step in the simulation-based approaches adds extra computational cost when M is large.
Wang & Robins (1998) and Wei & Tanner (1990) suggest to start the iterations by allocating a
small number of imputations when the current estimate may be far from the true maximiser of
the log-likelihood, and increase it at later iterations. In addition, EM approaches require further
computation to obtain the covariance matrix of the estimates using, for example, bootstrapping or
Louis’ approach (Louis, 1982).

For further comparisons between these approaches we refer the reader to Nielsen (2000a,
2003), McLachlan & Krishnan (2008), Noghrehchi et al. (2021), Robins & Wang (2000), Wang &
Robins (1998), and Schafer (1997).

4.4.2 The imputation model

As anticipated in the previous section, the first step of the MI process involves obtaining M random

(1) (M)

9.mis - - -+ Y2,mqs rom the posterior predictive distribution of the missing values given the

draws y

observed, defined as

f(yZ,mis ‘ yl»yQ,obs) = /f(yZ,mis | Y1,Y2,0bs» O)f(e | Y1, y2,0bs)d67 (4.10)

where f(0 | y1,y2,0bs) represents the observed data posterior distribution of € (or an approxi-
mation) and f(y2.mis | Y1, Y205, 0) is the conditional density of the missing values given the
observed and 6.

Little & Rubin (2019) describe several approaches to draw plausible imputations from the
frequentist and Bayesian points of view. For instance, following a frequentist approach, one can
fix the value of 0 to the maximum likelihood estimate of the observed data, say éMLE, and obtain
the random draws from f(y2,mis | Y1,Y2,0bs,60 = éMLE). This approach fails to account for the
uncertainty in estimating 0 since the same value of the estimated parameter vector is used to obtain
all imputations. Alternatively, following a Bayesian approach, random draws from f(y2 mis |
Y1, Y2,0bs) can be obtained iteratively by first drawing 6™ from f (6 | Y1, y2,0bs) and then drawing
yé%is from f(y2.mis | Y1,Y2,00s,60 = 6(™), for m = 1,..., M. In practical terms, a fully
Bayesian approach entails obtaining the posterior distribution of the parameters and the use of

Markov chain Monte Carlo methods, such as data augmentation (Tanner & Wong, 1987). This
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approach accounts for the uncertainty in estimating 6 but it may be computationally costly in
complex models and convergence may be difficult to assess (Harel & Zhou, 2007). The strategy
we follow in this chapter samples iteratively from the two densities within the integral in (4.10)
however, instead of computing the posterior we use the large sample normal approximation to the
posterior of @ to draw 8(™).

Letting 6 denote the parameter vector characterising the copula-based SS model described
in Section 4.3, that is, 8 = (0],0],515)" where 6; = (BIT“, T and 6 = ( ;2, s BT,
realisations from the observed data posterior of @ are obtained using the large sample result given
in(4.6),ie,0 |y~ N (é, Vg), where 0 is the penalized maximum likelihood estimate and Vg
the Bayesian covariance matrix evaluated at 6. The conditional distribution of the missing values

corresponds to the following conditional density, derived from the copula-based representation of

the joint distribution of (Y7, Y5") given in (4.4),

0
fly2ly1 =0,0) = —F(y2 | 11 =0,0)

Y2
9 [F(0,y | ‘9)]
= 4.11
0y [ F1(0 ] 61) @10
_ 1 0C(Fi(0]61), F5(y2 | 02) | 912) OF3(y2 | 62)
F1(0 ] 61) OF(y2 | 62) dy2

This imputation scheme is appealing since it propagates the uncertainty about the model param-
eters and reduces the computational complexity of a fully Bayesian approach. As pointed out
in Section 4.2, the parametric assumptions about the joint model using a copula function, and
the parametric distributions of the missingness mechanism and the response, help to identify the
parameters in the conditional distribution of the missing values.

Random draws from the target density in (4.11) are obtained using the acceptance/rejection
method (see, e.g., Robert & Casella, 2005). This sampling approach requires finding a proposal
or instrumental density, from which draws can be easily obtained, and finding a constant K that
bounds the ratio of the target to the proposal density from above. In our context, it is reasonable

to set the instrumental density to fao(ys | 02), the density of the latent variable Y5 defined in

Section 4.3. The value of K is computed by maximising the ratio k(y3) = % using a
trust-region approach. The acceptance/rejection algorithm then proceeds iteratively by drawing y

from fa(y3 | 62) and u ~ U(0, 1) independently, and accepting g if u < %. To avoid

constraints in the optimization problem that obtains the value of K, the candidate for imputation

g is transformed using a differentiable and monotone function. For instance, when the support of
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the distribution is restricted to positive numbers ¥ is transformed using § = log ¢. Furthermore,
recall that trust-region methods require the analytical expressions for the first and second order

derivatives of the objective function given by

@) 1 PR (0]6) By |6) o di
o = = 2 2) 5o
dy Fi(0]61) OF(y|02)0F(y | 6-2) dy
and
dy? F1(0]61) |O0F2(y | 02)0F2(y | 62)0F3(y | 62)
02 C(Fy (0]61), Fa(ij | 62)) dfa (i | 0o) C@f+dumfg
OFy(y | 62)0F2(y | 62) dy dij dy dy*
To summarise, the imputation scheme proceeds iteratively as follows, form = 1,..., M:

() draw 6 = (67 9™ 5N from A(0, Vi),

(i) draw u(™ ~ 1/(0,1) and ygn:,zls from fao(y; | @2 = égm)) independently,
I (Wsmaisly1=0.0)

iii) compute K (™) = arg max ~
(i) comp 8 (185

using a trust-region method,

2,mis 1

(iv) accept y
oy P |31 =0,8 = (™)
U < _ )

K(m)f2(y§f’72is |6, = 6™

Note that this approach to MI can also be easily adapted to impute missing values of a variable
believed to be MAR based on univariate GAMLSS models. As we indicated in Section 4.2, the
MAR assumption implies that the conditional density of the variable subject to missingness is the
same, regardless the variable is observed or not, since Y7 and Y5 are conditionally independent
given the observed data. Imputations from the posterior predictive distribution in (4.10) can be
obtained by drawing iteratively from large sample normal approximation to the posterior of the
parameter vector characterising the GAMLSS model, and the distribution of the partially observed
variable. A similar approach to imputation based on GAMLSS models under the assumption of
MAR was proposed by de Jong et al. (2016) however, they obtained draws from the observed data

posterior using a parametric bootstrap approach.
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4.5 Simulation study

We conduct a Monte Carlo study in order to investigate the empirical properties of the MI approach
and compare the results with those obtained using a copula-based SS model. We have restricted
the scope of the study since the relative performance of the copula-based and MI approaches com-
pared to the classical SS methods has already been investigated by Gomes et al. (2019). Their
simulation study was mainly focused on the performance of the approaches in terms of estimating
the effect of a binary treatment variable on the response and did not include non-parametric com-
ponents to capture non-linear effects.

In this study, we consider a scenario in which the selection and the substantive models are gener-
ated using the normal and gamma distributions, respectively, where the additive predictors associ-
ated with the distribution parameters also contain non-parametric terms. The joint distribution is
specified using a copula function from the Gumbel family. We assess the results under the correct
specification and when the copula function is misspecified using the Joe family instead.

The simulated data consist of a set of independent observations (y;, X;);, where y; = (y1, ¥2i)
are realizations of the pair or random variables (Y7;, Y2;) obtained using the observations rules
given in (4.3), and x; = (214, ;) consists of a binary and a continuous variable generated using
the approach described in Chapters 2 and 3, and references therein. The model for the missing-
ness mechanism is given by Y% ~ F7(61;), where F; corresponds to the normal distribution with
parameters 61; = (u1,01;)", o1 is set to one to ensure identifiability, and the additive predictor

associated with p is given by

it = BNt + B w1 + s (z2),

where 85" = —0.55, 8" = 1.2, and s} (z9;) = 1 — 23, — 2exp(—18023,) — 2.3sin(4.92;).
The missingness mechanism generates approximately 50% of missing observations in the partially
observed variable. The substantive model is defined as Y5 ~ F5(62;), where F» corresponds to

the gamma distribution with parameters 0o; = (p9;, 0 2i)T and associated additive predictors

w2 _ ppe p2 B2
n? =By’ + Bz + 517 (22:),
oy _ o9
" =Po">

where 852 = 2.2, B1? = 1.3, s{*(x2;) = w2i + exp(—32(z2; — 0.5)), and 5]? = 0.9. The joint
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distribution of (Y%, Y5), is specified using the Gumbel copula family, where the copula parameter
012 has been set to values corresponding to Kendall’s tau of 712 € {0.2,0.4,0.6}.

We perform N = 200 repetitions® with sample sizes of n = {500, 1000, 3000} and estimate
the parameters using the copula-based SS (SS-COP) and the imputation (MI) approaches for the
correctly specified model (scenario I) and for a misspecified model in which the joint distribution
is assumed to belong to the Joe copula family (scenario II). In terms of the imputation approach,
we set the number of imputations to M = 100.

Figure 4.1 shows boxplots of the estimates of 3] and /37? for both scenarios, whereas Figure
4.2 shows the true smooth functions (dashed lines) and the average effect estimates (solid lines) of
sh? (x3), together with the 5% and 95% point-wise quantiles (shaded areas), for a sample size of
n = 3000 and association parameter 712 = 0.4. For brevity, we have omitted the plots of smooth
functions for other sample sizes and strengths of association since the results are similar and do
not change the conclusion of the simulation study. In addition, Table 4.1 summarises the results in
terms of relative bias and root mean squared error (RMSE).

Overall, we observe that MI obtains very similar performance, in terms of bias and RMSE, to
SS-COP and, in occasions, MI estimates are slightly less biased and more precise. In particular, MI
estimates of 57> appear to be slightly less biased and yield lower RMSE than those obtained using
SS-COP. Both approaches also perform relatively well when the copula is mildly misspecified.
These results are consistent with those shown by Gomes et al. (2019), who studied the performance
of the approaches using a wider range of MNAR settings. We conducted further experiments using
different marginal distributions, copula functions, and strengths of dependence and the results were

similar to those shown here.

4.6 Empirical application

The REFLUX study (Grant et al., 2008, 2013) evaluates the effect of using surgery, compared
to continuing medication, on long-term patient’s health status among individuals with gastro-
oesophageal reflux disease in the UK. The trial comprised a randomised arm, in which 357 indi-
viduals were randomised to either surgical or medical management, and a parallel non-randomised

arm, in which 453 participants were assigned to treatment based on their preferences. We focus

3The number of repetitions is chosen based on the simulation study in Chapter 2 and references therein. Using the
principled approach described there on the scenario for the correctly specified model with n = 3000; an initial run of
Ny = 50; and focusing on the bias obtained for 81 and 832, we obtained N =~ 297 and N = 33.



90

4.6. Empirical application

n

Scenario | Scenario Il
AH2 AH2
1 By
0.2 0.4 0.6 0.2 0.4 0.6
174
. ' 15
i ! 114
ss-cop I ss-cop M ss-Ccop v ss-cop M ss-cop I ss-cop M
NO2 NO2
0 0
02 04 06 02 04 06
1.0+
0.8-
ss-cop M ss-cop M SS-COP v SS-COP M ss-cop M ss-cop M

500 E 1000 £ 3000

Figure 4.1: Boxplots of the estimates of {2 and 332 obtained using the copula-based (SS-COP) and multiple impu-
tation (MI) approaches for the correctly specified model (scenario I: normal-gamma marginals and Gumbel copula)
and when the copula is misspecified (scenario II: normal-gamma marginals and Joe copula). The sample sizes are
n € {500, 1000, 3000}. The strength of association is given by Kendall’s tau values of 712 € {0.2,0.4,0.6}. The true
values of the parameters are 842 = 1.3 and 832 = 0.9 (indicated by a dashed line in the plot).
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Figure 4.2: Mean estimates of s{?(z2) obtained using the copula-based (SS-COP) and multiple imputation (MI) ap-
proaches with a sample size of n = 3000 and a strength of association of 712 = 0.4, for the correctly specified model
(scenario I: normal-gamma marginals and Gumbel copula) and when the copula is misspecified (scenario II: normal-
gamma marginals and Joe copula). The shaded areas correspond to the 5% and 95% point-wise quantiles. The true
functions are represented by dashed lines.
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Scenario I Scenario 1T
Relative bias RMSE Relative bias RMSE
712 method I n 500 1000 3000 500 1000 3000 500 1000 3000 500 1000 3000

B B
02 SS-Cop 0.0162 0.0017 -0.0040 0.1439 0.0988 0.0535 0.0303 0.0084 -0.0019 0.1387 0.0927 0.0533
' MI 0.0114 -0.0006 -0.0047 0.1425 0.0986 0.0532 0.0289 0.0073 -0.0008 0.1393 0.0932 0.0536
0.4 SS-COP 0.0064 -0.0011 -0.0037 0.1272 0.0849 0.0501 0.0122  0.0007 -0.0004 0.1247 0.0845 0.0486
MI 0.0036  -0.0023 -0.0038 0.1272 0.0845 0.0501 0.0128 0.0040 0.0044 0.1245 0.0844 0.0486
0.6 SS-COP 0.0002 -0.0067 -0.0031 0.1215 0.0883 0.0422 -0.0018 -0.0043 -0.0040 0.1141 0.0760 0.0428
MI -0.0041 -0.0078 -0.0030 0.1197 0.0888 0.0424 -0.0053 -0.0046 -0.0004 0.1118 0.0753 0.0423
302 392
0 20
02 SS-COP  -0.0048 -0.0017 -0.0014 0.0419 0.0283 0.0158 -0.0212 -0.0171 -0.0141 0.0398 0.0301 0.0202
MI 0.0070  0.0052 0.0012 0.0413 0.0275 0.0157 -0.0106 -0.0108 -0.0117 0.0355 0.0269 0.0186
0.4 SS-COP  -0.0074 -0.0037 -0.0010 0.0463 0.0300 0.0173 -0.0217 -0.0248 -0.0218 0.0446 0.0350 0.0257
MI -0.0008 -0.0007 -0.0001 0.0443 0.0293 0.0172 -0.0162 -0.0230 -0.0221 0.0416 0.0335 0.0258
0.6 SS-COP  -0.0160 -0.0076 -0.0015 0.0761 0.0341 0.0176 -0.0295 -0.0238 -0.0238 0.0488 0.0382 0.0278
' MI -0.0099 -0.0067 -0.0012 0.0497 0.0333 0.0176 -0.0280 -0.0242 -0.0256 0.0473 0.0384 0.0290
2 () 2 ()
02 SS-COP 0.0577  0.0437 0.0217 0.1772 0.1302 0.0753 0.0580 0.0460 0.0184 0.1764 0.1221 0.0774
MI 0.0615 0.0453  0.0220 0.1767 0.1303 0.0753 0.0575 0.0468 0.0194 0.1734 0.1224 0.0771
0.4 SS-COP 0.0477 0.0342 0.0178 0.1609 0.1091 0.0665 0.0483 0.0336 0.0164 0.1570 0.1055 0.0639
MI 0.0518 0.0361 0.0186 0.1595 0.1086 0.0666 0.0524 0.0345 0.0173 0.1537 0.1045 0.0635
0.6 SS-Cop 0.0422  0.0301 0.0152 0.1710 0.1102 0.0576 0.0419 0.0300 0.0151 0.1345 0.0959 0.0583
' MI 0.0453  0.0316 0.0159 0.1564 0.1100 0.0574 0.0435 0.0284 0.0140 0.1295 0.0935 0.0564

Table 4.1: Relative bias and RMSE for 3%2, 352, and smooth function estimate 82 (z2) obtained using the copula-
based (SS-COP) and multiple imputation (MI) approaches, for the correctly specified model (scenario I: normal-gamma
marginals and Gumbel copula) and when the copula is misspecified (scenario II: normal-gamma marginals and Joe
copula). The sample sizes are n € {500, 1000, 3000}. The strength of association is given by Kendall’s tau values of
712 € {0.2,0.4,0.6}. The true values of the parameters are 51> = 1.3 and 532 = 0.9. The true smooth function is
s42(x2) = w2 + exp[—32(x2 — 0.5)2].

our interest in the analysis of the preference arm and refer the reader to Grant et al. (2008, 2013)
for further details on the randomized component.

The study gathered patient information using self-reported questionnaires before treatment,
three months after treatment, and yearly, together with hospital case notes reviews. We use the
variable QALY (5-year Quality-Adjusted life-years) as a measure of long-term patient’s health,
which was constructed using a combination of health related quality of life scores, obtained from
the questionnaires, and estimated length of life after treatment (see Gomes et al., 2019, 2020,
for further details). QALY has a total of 222 missing observations due to patients not returning
the questionnaires at some point during the follow-up period. As pointed out by Gomes et al.
(2019), the study investigators suspected that individuals in better health after treatment were more
likely to be engaged with the study and return the questionnaires. This indicates that the process
governing the missing values may depend on the variable that is missing, raising concerns about
the possibility of QALY being MNAR. A further concern relates to the plausibility of the normality

assumption about the response. The variable varies from —0.52 to 4.67 and the histogram in

Figure 4.3 shows that its distribution is left-skewed. Gomes et al. (2019) suggested that a Gumbel
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Figure 4.3: Histogram of 5-year quality-adjusted life-years (QALY)

distribution may provide a better fit.

Similarly to Gomes et al. (2019, 2020), the aim of the analysis is to investigate the effect of
treatment (surgical or medical management) on QALY under different assumptions about the
missingness mechanism, the distribution of the response, and the structure of their dependence,
while accounting for several baseline patient’s characteristics. Specifically, we compare the results
obtained assuming the missing mechanism is ignorable, using complete-case analyses based on
different distributional specifications for the response, with the results obtained under the MNAR
assumption, using the SS modelling framework and the MI approach presented in Section 4.4.

Table 4.2 contains a description and summary statistics of the response, the baseline patient’s
characteristics, and variables that are plausible to meet the criteria for the exclusion restriction
assumption that will be considered in the models under the MNAR assumption. We observe that
the overall QALY score after five years of treatment is higher for individual that opted for surgery
than for those that selected long-term medication. Furthermore, participants that chose surgery
were younger and with worse health-related symptoms (judged by the lower values in most of the
score variables) than patients than went through medical management. The potential variables that
are considered to fulfil the exclusion restriction assumption are csize, which refers to the number
of participants in each of the hospitals providing treatment, and beliefl tobelief8, which are
related to patients’ opinions about medicine and doctors. Gomes et al. (2019, 2020), and references
therein, argue that centres with a higher number of patients may be more involved collecting

self-reported questionnaires, and that patient’s views about medicine are likely to influence their
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Variable Description Medical management (n = 192) Surgery (n=261)
Mean (SD)/Count (percentage) Mean (SD)/Count (percentage)
Response
QALY Quality-Adjusted Life-Years 3.594 (0.834) 3.777 (0.942)
Baseline patient’s characteristics
gender =1 if male 111 (58%) 170 (65%)
age age in years 49.89 (11.75) 44.45 (11.97)
EQ-5D European quality of life score 0.75 (0.22) 0.68 (0.26)
REFLUX-QoL REFLUX quality of life score 76.11 (19.84) 55.87 (22.82)
bmi Body mass index 27.42 (4.11) 27.72 (3.95)
heartburn Heartburn score 73.06 (21.29) 9.13 (24.44)
gastrol Gastro symptom score 1 59.63 (22.68) 47.05 (21.39)
gastro2 Gastro symptom score 2 82.98 (17.68) 75.84 (22.04)
nausea Nausea symptom score 89.67 (13.61) 76.86 (19.90)
activity Activity score 86.82 (12.97) 74.36 (16.11)
hernia =1 if previous hiatus hernia 73 (38%) 76 (29%)
smoker =1 if smoker 39 (20%) 71 (27%)
asthma =1 if asthma 36 (19%) 30 (11%)
duration duration of prescribed medication (days) 45.79 (54.10) 55.96 (68.04)
Candidate instruments
csize Centre size (No. patients treated) 27 (11%) 28 (9%)
beliefl Doctors use too many medicines 32 (17%) 61(23%)
belief2 People should pause treatments 42 (22%) 76 (29% )
belief3 Medicines are addictive 22 (11%) 39 (15%)
belief4 Natural remedies are safer 30 (16%) 38 (15%)
beliefb Medicines do more harm than good 4 (2%) 5 (2%)
belief6 All medicines are poisons 13 (7%) 7 (3%)
belief?7 Doctors trust medicines too much 26 (14%) 51 (20%)
belief8 Doctors should spend more time with patients 69 (36%) 94 (36%)

Table 4.2: Description and summary statistics of the response, baseline individual characteristics, and available can-
didates to meet the exclusion restriction criteria by treatment level. The continuous covariates are summarised using
the mean and standard deviation whereas the binary variables are reported using the number of patients and the corre-
sponding percentage.

engagement with the study. However, it does not seem obvious that these variables may have
a direct effect on the response given the baseline individual characteristics. Their analysis also
suggest that the aforementioned variables have a relatively low association with patients returning
the questionnaires, which indicate that they may be considered as ‘weak’ instruments.

To determine the effect of t reatment under different modelling assumptions we consider
the following approaches: assuming the missingness mechanism is ignorable, we perform complete-
case analyses using the normal and the Gumbel distributions to model the response (denoted as
CC-N and CC-G, respectively). Under the MNAR assumption, we use the classical SS model
estimated via the two-step Heckman (2S) method and maximum likelihood (SS-ML), the copula-
based SS framework (SS-COP), and the multiple imputation (MI) approach.

For all the aforementioned modelling strategies, we specify a linear predictor associated with

the location parameter of the model of interest using several baseline patient’s characteristics re-
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ported in the REFLUX study, that is,

nt" = Bo + Bitreatment; + fogender; + Bsage; + B4EQ-5D; + SsREFLUX-Q0L;
+ Bgbmi; + Brheartburn; + fggastrol,; + fogastro2,; + fipnausea;

+ Pfriactivityy,

4.12)

where (31 corresponds to the parameter of interest. In the approaches that assume QALY is MNAR,
the model for the missingness mechanism contains the same covariates that appear in the sub-
stantive model together with all the candidate variables that are believed to fulfil the exclusion
restriction assumption (see Gomes et al., 2019, and references therein).

In terms of the SS-COP approach, we first make an assessment using different marginal dis-
tributions to model the missingness mechanism and the response, and then investigate the depen-
dence structure employing several copula functions. Among the different model specifications, we
select the model with the lowest values of the AIC and BIC. Regarding the binary response model
for the missing data mechanism, we find that a complementary log-log link (which corresponds
to assuming a Gumbel distribution for the latent variable governing the missingness mechanism)
delivers the best fit. As for the substantive model, the chosen distribution is the Gumbel. Lastly,
in terms of their association, the Frank copula appears to deliver the best description of the depen-
dence structure.

With regard to the MI approach, we perform M = 100 imputations based on the SS-COP
model described above. The analysis of the completed data sets are carried out using a GAMLSS
model based on the Gumbel distribution and the resulting parameter estimates are combined using
the Rubin’s rules described in Section 4.4.

Table 4.3 contains the estimated parameters, together with their standard errors, obtained af-
ter fitting the different models to the data. We focus our attention on the parameter of interest.
The estimated effect of t reatment is positive and significant across all modelling approaches
providing evidence that individuals that opted for surgical management of gastro-oesophageal
reflux disease had higher average quality of life than those that followed medical management.
These effects are larger for models under the classical distributional assumptions (CC-N, 2S, SS-
ML) compared to those that employ flexible distributional approaches (CC-G, SS-COP, MI). In

terms of the approaches that assume QALY is MNAR, we observe that the estimated effects are
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Estimates | models CC-N CC-G 2S SS-ML  SS-COP MI
treatment 0.429***  0.362***  0.427***  0.427** 0.372*** (0.372***
(0.096) (0.072) (0.095) (0.095) (0.073) (0.075)
gender:male 0.262** 0.189** 0.237* 0.237* 0.143* 0.152*
(0.095) (0.070) (0.096) (0.096) (0.073) (0.071)
age -0.005 -0.005* -0.004 -0.004 -0.003 -0.003
(0.004) (0.003) (0.005) (0.005) (0.003) (0.003)
EQ-5D 2.037***  1.360***  2.025***  2.026*** 1.372*** 1.361***
(0.215) (0.161) (0.216) (0.215) (0.174) (0.151)
REFLUX-QoL -0.007* -0.002 -0.009**  -0.009** -0.003 -0.003
(0.003) (0.003) (0.003) (0.003) (0.003) (0.003)
bmi -0.010 -0.014 -0.010 -0.010 -0.017* -0.017
(0.012) (0.010) (0.013) (0.012) (0.010) (0.009)
heartburn 0.005* 0.003 0.005* 0.005* 0.002 0.003
(0.003) (0.002) (0.003) (0.003) (0.002) (0.002)
gastrol 0.005* 0.004* 0.005* 0.005* 0.005** 0.005**
(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)
gastro2 -0.002 0.001 -0.001 -0.001 0.001 0.001
(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)
nausea 0.001 0.003 0.002 0.002 0.005* 0.005*
(0.003) (0.002) (0.003) (0.003) (0.003) (0.002)
activity 0.005 -0.002 0.006 0.006 -0.004 -0.003
(0.004) (0.003) (0.004) (0.004) (0.003) (0.003)
(Intercept) 1.864***  2983***  1.706** 1.703**  2.757***  2.741***
(0.485) (0.393) (0.545) (0.534) 0.419) (0.346)

Table 4.3: Parameter estimates and standard errors of the coefficients in the substantive model obtained under different
modelling assumptions. CC-N: complete-case analysis assuming a normal distribution; CC-G: complete-case analysis
assuming a Gumbel distribution; 2S: classical SS model using the Heckman’s two-step estimation approach; SS-ML:
classical SS model using maximum likelihood estimation; SS-COP: copula-based SS model; MI: multiple imputation
approach. Significance levels: *p < 0.05, **p < 0.01, ***p < 0.001.

similar to their complete-cases counterparts, which suggest a relatively weak strength of depen-
dence. In fact, the estimates of the correlation coefficients obtained using 2S and SS-ML, 0.07
and 0.08(—0.61,0.77) respectively*, support the assumption that QALY is MAR. In contrast, the
estimated value of the Kendall’s tau in the copula-based SS model is positive and relatively sig-
nificant, 0.291(0.04, 0.48), providing some evidence in favour of the MNAR assumption. These
results suggest that the distributional assumptions in the CC-N, 2S, and ML-SS approaches may
not hold and the models appear to overestimate the effect of the t reatment. As expected, the

MI approach yields estimates that are very similar to those obtained using the copula-based model

and, in some instances, provides slightly smaller standard errors of the regression coefficients.

“The 2S method did not provide a value for the standard error of the coefficient.
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4.7 Discussion

In this chapter, we have briefly reviewed some of the main concepts that are used in the miss-
ing data literature, discussed two SS modelling frameworks that deal with MNAR outcomes, and
presented a MI approach that obtains plausible draws for imputation of a continuous variable
assumed to be MNAR and not restricted to be Gaussian. The MI approach stems from a copula-
based specification of SS models and complements recent research that addresses MNAR variables
within the MI framework (Galimard et al., 2016; Ogundimu & Collins, 2019). The flexibility of
the approach, inherited from the copula-based SS models proposed by Wojtys$ et al. (2018), al-
lows researchers to contrast the robustness of their results under different assumptions about the
missingness mechanism, the distribution of the partially observed variable, and the dependence
structure. Furthermore, the MI scheme can be embedded into a general fully conditional spec-
ification framework, such as that provided by the mice package, to deal with several partially
observed variables in a data set. In a simulation study, we have shown that the performance of the
MI approach is comparable to that of the copula-based SS model and that it performs relatively
well under mild misspecification. These results are also consistent with those obtained in Gomes
et al. (2019) using a wider range of MNAR settings.

In an application, we have re-examined data from the REFLUX study to evaluate the ro-
bustness of the conclusions under different assumptions regarding the missing mechanism, the
distribution of the response, and the shape of the association structure. Although the results are
significant under all modelling strategies, we find some evidence suggesting that models in which
the response variable is assumed to be normally distributed appear to overestimate the effect of
the treatment variable. In addition, the classical SS models do not appear to capture well the de-
pendence structure between the missingness indicator and the response. The MI approach obtains

results that are very similar to the copula-based SS model.
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Appendix A

Complements to Chapter 2

A.1 Derivation of the likelihood function

The likelihood function of the ESR model can be specified as follows: when y;; = 1 we observe

y2; and the contribution to the likelihood corresponds to
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Similarly, when y;; = 0 we observe y3;, and the contribution to the likelihood corresponds to
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= f EBz)P €1 < =M ’ 531}

y3 3 —N1i
= *ﬁb i l) ferilesi)der;

:iqb <y31 77&) e 1 (6 _P13(y3i—773i)/03>d61.
V2 P13 m

Y3i — 77&) g [ mitps (y3i — m34) /03
V1- P%:a

Combining both results obtains the likelihood function given in equation (2.14).
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A.2 Analytical gradient and Hessian of the semi-parametric ESR

model

Recall that the semi-parametric ESR model presented in Chapter 2 relaxes the functional form
specification of the deterministic model components using semi-parametric additive predictors
(in which the effects of continuous covariates are represented via penalized regression splines)
while retaining the distributional assumptions of the classical approach, that is, the error terms are
assumed to follow a trivariate normal distribution.

The model log-likelihood function is given by

n

UB) = y1i {—log oy + log ¢(az;) + log (Az;) }

=1

+ Z(l — Y1i) {— log 03 + log ¢(as;) + log [®(—As;)] } :
=1

where 3 = (81,083,081, 092,03, p12,p13)" is the parameter vector, a,,; = y’ma;m”””, Api =

Mt p1m Wini Mmi)/Om - ) and @(-) are the pdf and cdf of the standard normal distribution, re-

Vi-sin,

spectively, for m = 2,3, and n,,,; = XLiﬁm denotes the semi-parametric additive predictor de-

fined in Section 2.2.1, for m = 1, 2, 3. The analytical expressions of the gradient and Hessian are
derived using the properties of the standard normal distribution and the IMR. In particular, recall
that () = ¢(—2) and ¢'(Z) = —Z¢p(Z), and note that the first order derivative of the IMR is
given by N (@) = —a\(a) — A\?(a).

The components of the gradient are

HPB) & | A(Az) A =4s) ,
6131 = l:zl {yh 1 p%Q + (1 ylz) l m } X1i,

o4B) _ \- g d 2 pr2A(Ai) |
i=1 | o2 02y 1- p%Z ’

oL(B) . as;  p13A(—As;)
(=) — + —F—= ¢ X3,
1 03 o3y/1— pi,

oL(B) - o G2ip12A(A2;)
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o))

((3) . o a3ip13A(—Asz;)
= (=) { —14 a3, + BPBRT T
907 (1= yu1i) { +az; + T

<.
[

- AAsz;) [az; + pr2mi]
Z Y14

3;)12 P V1-p%, ’

and

o))

0B) =y —A=As) [asi + przm]
o, T T e

~

The expressions for the non-zero Hessian components are

82£(ﬁ) A22 - A/(_A3Z) T |
35185T _Z{ 12 (1 —yu)l_pzlg}xuxh,

PB) N~ —p1eN(Az) +
aﬁlaﬁ; Z Y14

PUB) LN (—As)
agop] ~ (1) M

82€(ﬁ) _ n yl,_pma%/\l(Azi)Xl*
BBoo; ~ 2T 1,

X134,

9*((B) = —pigaz; N (—As;)
3ﬁ180§ z::( ylz) 1— p%d

15

(‘W(ﬂ) _ iw N (Az;) [azi 4+ pramii] + pr2v/1 — plaA(Az;) X
R =iz

%) _ Zn:(l ) N (=Asi) [azi + pramii] — pi3v/1 — pizA(—Asi) X
0B10pis = ' 1= pi

1=

175
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>*(B) _ 1 P%zX(A%) T
0800} Zy“ 03 " o3(1—pf,) |

826(6) _ Zyl 2&21 p%Qagi/\/(Am) v plg)\(AQi) Xoi
9B2003 ' T ol %) oo /T=ph |

Z Y A(Ag;) — N (A2)p1ay/1 — piy [azi + p12mi] <
14 245
o2/ 1= piy

a/5'25P12

i=1

*B) _ L pisN (= 43) | 1
23 aaT = l—y) ——= + 57—~ ¢ X3,X3,
083085 ;( 1) of " 01— pug) [0

9*U(B) . 2a3;  pizaziN(—Aszi)  pisA(—Asz)
= 1—yy){—— - X34,
* Z( yl ) 03 0_3(1 _ p%g)) ng 3

9*4(B) _ i(l ) A(=Azi) = N(=Az)p13\/1 — piz lazi + pizmil Xsi
0B30p73 P ' o3/ 1 — pig v

Z s d —202 Plza%)\(Azz‘) n a3;pa N (Ag;)
3‘7;8‘72 P ' V1—=piy 1—piy ’

32€ Z i A2 /(AQi)p12[a2i + P12771¢} az;
8058’)12 i=1 V1= pt o2(v/1 = piy)?

325(["}) - — { 22, — pr3aziA(—Asi) agiﬂ%g)\'(Asi)}
=1

VI 7h 1=,

o*(B _ Zn: — 1) A M(—Ag) — N (—As;)p13lazi + p13nui) asi
30§5Pw = ’ V=i oa(VI—pE)*

o*(B (a2 + prami)? mi(1+ p3y) + 3p12as;
N AQZ e ey =+ )\(Agl) d 12 d s
3p123p12 Zl { (1—pip)? (V1= pia)®
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and

9*((B) . (asi + p13mi)? mi(1 + pls) + 3pizas
TLB) 51— ) § ¥ () DI g 2
dpis0pis ; ' (1= ply)3 ’ (V1= piy)°



Appendix B

Complements to Chapter 3

B.1 An overview of copula-based modelling

In this section we outline several results from the copula literature that serve as a general overview
of copula-based modelling. For completion, we repeat the definition of a bivariate copula function
and the main results in connection with statistical modelling. We then describe two measures of
association that summarise the dependence between two random variables and their representation
in terms of an underlying copula function. We conclude by reviewing the main characteristics of
several copula families. For an in-depth treatment, we refer the interested reader to standard
references from which this overview draws from such as Joe (1997) and Nelsen (2006) for a
theoretical treatment, and Trivedi & Zimmer (2007) for applications.

A 2-dimensional copula is a bivariate cdf with standard uniform margins, i.e., a function

C: [0,1]2 — [0, 1] defined as
C(ul,uQ) = P(Ul S ui, U2 S UQ), where Ul, UQ ~ Z/{(O, 1),

satisfying the following conditions

(C.1) €(0,u) =C(u,0) =0, forevery u € [0,1],
(C2) C(1,u) =C(u,1) = u, forevery u € [0, 1],
(C.3) Cis 2—increasing.

Any bivariate copula is point-wise bounded by the Fréchet-Hoeffding bounds, defined by

max {ul +ug — 1,0} < C (uy,up) < minfui,ug}, forevery (ui,usz) € [0,1]%
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Given the univariate margins, both upper and lower bounds correspond to a bivariate cdf (and
therefore a copula) that describes perfect positive dependence and perfect negative dependence,
respectively.

The work of Sklar (1959) and Patton (2006) provide the most important results for statistical
modelling with copulas. The former obtains a general representation of a multivariate distribution
function as a composition of a copula and its univariate margins, while the latter extends Sklar’s
theorem to the situation where the univariate margins are conditional distribution functions. In a
bivariate context, their results state that, given a random vector (Y7,Y>) and a set of covariates

T T

z = (z],2))" with joint cdf F(yi,yo | z) and marginal cdfs Fy(y; | z1) and Fa(y2 | z2), there

exists a 2-dimensional copula C such that

F(yi,yz | 2) =C(Fi(yr | 1), Fa(yz | 22) | 6),  (y1,2) € R?, (B.1)

where § is a parameter that quantifies the dependence between the margins.

As a consequence of these results, statistical modelling using copula functions can be ap-
proached in two steps: first, specify a model for each of the marginal cdf of Y7 and Y5 (that do not
need to belong to the same family); second, choose an appropriate copula function that links its
univariate components together and captures their dependence structure.

Parameter estimation via maximum likelihood requires the derivation of the joint probability

density function from the joint cdf given in Equation (B.1), which can be written as follows

9C (Fi(y1 | z1), Fa(y2 | 22) | 9)
OF1(y1 | 21)0F2(y2 | 22)

flyi,y2 | 2) = filyr | z1) fa(y2 | 22). (B.2)

The literature provides a large number of bivariate copula families. The main properties that
make certain copula families appealing for modelling are their interpretability, the range of their
dependence parameter, and whether they can be written in closed form. It is also desirable that
a copula family can describe independence, and at least one of the Fréchet-Hoeffding bounds,
usually through limiting cases of their dependence parameter (see, for example, Joe, 2014, for a
review of copula functions in terms of their properties).

For some copula families the interpretation of their dependence parameter is not straightfor-
ward and it is useful (and common in practice) to transform it to other measures of dependence
such as the Kendall’s tau (7) and/or the Spearman’s rho (ps). Both measures depend only on the

underlying copula and not on the marginal cdfs, they are symmetric, invariant to increasing trans-
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formations of the variables, and their range varies from —1 to 1. A value of 1 indicates perfect
positive dependence (the copula coincides with the upper Fréchet bound), whereas a value of —1
implies perfect negative dependence (the copula coincides with the lower Fréchet bound). When
the margins are independent, both measures take a value of 0.

The Kendall’s 7 is defined as the difference between the probabilities of concordance and
discordance of the random pairs (Yi,Y>) and (Y3,Y3) that is, 7 = P[(Y; — ¥1)(Ya — Ya) >
0] — P[(Y1 — Y1)(Ya — Y2) < 0]. This measure of dependence can be expressed in terms of a

bivariate copula as follows

1 pl
T = 4/ / C(’u,l,UQ)dC(ul,UQ) —1. (B.3)
0J0

Given a sample of observations (y1;, y2i);—, an estimate of the Kendall’s 7 is computed using

P o Z sign (Y1 — y15) (y2i — y25)) »

1<i<j<n

where sign(d) = —1if d > 0, sign(d) = 0if d = 0, and sign(d) = 1if d > 0.
The Spearman’s p, is defined by the linear correlation coefficient of the random vector (F (Y1), Fa(Y2)),
thatis, ps = Cor(F1(Y71), Fo(Y2)). In terms of a bivariate copula, the Spearman’s p, can be written

as

1 p1
Ps = 12/ / [C (ul,UQ) - uﬂLg] dulduQ - 3.
0J0

Given a sample (y14, y2;);;, an estimate of the Spearman’s p, is computed using the rank of the

observations, i.e,
. Yo (r = 71)(rei — 72)

T \/Z?:l(rli - 771)2\/2?:1(7”21' - 7’2)27

where 71; and ry; represent the ranks, and 71 = 72 = (n + 1) /2.

From a practical point of view, the Kendall’s 7 is preferred over the Spearman’s p, since
the former has explicit analytical expressions based on the copula parameter ¢ for several copula
families.

Lastly, we summarise the main characteristics of several copula families that are frequent in
the literature, namely, Ali-Mikhail-Haq (AMH; Ali et al., 1978), Frank (Frank, 1979), Gaussian,
Clayton (Clayton, 1978), Gumbel (Gumbel, 1960), and Joe (Joe, 1993). For each of these fami-
lies, Table B.1 shows the analytical expression, the range of the dependence parameter §, and the

corresponding expression of the Kendall’s 7 together with its range. In order to illustrate graph-
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ically the dependence structure implied by these copula families, Figure B.1 shows their contour
density plots based on standard normal univariate margins. The dependence parameters have been
set to corresponding values of Kendall’s 7 similar to those that have been obtained in the empirical

applications presented in this thesis.

Copula C(uq,uz;9) Range of § Kendall’s 7 Range of 7
AMH FE ey Ty §e-1,1 1-3%{5+(1-6)%log(l-4)} —0181<7<1/3
~1/s
Clayton (uf(s +uy® - 1) 0 € (0,00) % 0<r<1
Frank —6log [1 + (et — 1)(e0u — 1) /(e=d — 1)] 5 € R\{0} 1-4[1-Dy(5)] “1<7<1
Gaussian Py (@71 (u1), @7 (ug) | 6) §e-1,1] 2 5in~1(6) -1<7<1
A ~1/5
Gumbel exp {— [(—logul)" + (—logUQ)o} } d € [1,00) 1- % 0<7<1
d 8 8 ) 1/ S 2 2
Joe 1= (=) 4+ (1= w)’ = (1= )1 - wa)’] €lloo) 1432 (v -v(3+1) O<r<i1

Table B.1: Analytical expressions, range of the association parameter §, and expression and range of the Kendall’s 7
for several copula families. D1 (z) = 27" [t (e — 1) ~1dt is known as the Debye function of order one, and (-
corresponds to the digamma function. The implementation of these copula families and their derivatives is available in
the GIJRM package.

The AMH, Frank, and Gaussian families are symmetric and allow to model positive and neg-
ative dependence between their margins. Both Gaussian and Frank copulas achieve the Fréchet-
Hoeffding lower and upper bounds, and can describe independence however, the Gaussian copula
exhibits a stronger dependence in the tails when compared to the Frank copula. Due to the limited
range of the Kendall’s tau given by the AMH family, using this copula in applications is usually
restricted to situations where the dependence between the margins is modest (Trivedi & Zimmer,
2007). On the other hand, the Clayton, Joe, and Gumbel families are asymmetric and can only
model positive dependence due to the restrictions in the range of their association parameters.
They all obtain the upper Fréchet bound as § — oo, whereas independence is achieved as their
parameter reaches the lower end of its range. The Gumbel and Joe families are similar but the
former has a ‘thinner’ tail. A particular property of these three copula families is that they can

be rotated by 90, 180 or 270 degrees to allow modelling data that exhibit negative dependence

(Brechmann & Schepsmeier, 2013).
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Figure B.1: Contour density plots of the AMH, Clayton, Frank, Gaussian, Gumbel, and Joe copula families based on
standard normal margins. The dependence parameters have been set to corresponding values of Kendall’s 7 similar to
those that have been obtained in the empirical applications.



117 B.2. Analytical gradient and Hessian of the copula-based ESR model

B.2 Analytical gradient and Hessian of the copula-based ESR model
Let us re-write the log-likelihood function of the copula-based ESR model given in (3.10) as
follows

n

(B) = w {10g fa(yai) +log (1 - h(lz))} + (1= y1:) {10g fa(ys) +log "™},

i=1
where
) _ ICiym (Fl(o),Fm(ymi))’ m—2.3.
Let us also denote g%w‘ = X, that is, the i row of overall design matrix associated with the

additive predictor of each of the distribution parameters where w € {1, 2, 13, 02, 03, V2, V3 }.

The analytical components of the gradient are given by

20(B) < ~1 ol 1 on"™|
Z 1 Ofaly) 1 0n{"

X I3
65u2 Palyz) Onf® 1 p(1D onf® | T

=1

n 3 . 9 (13)
oHB) _ S ) f3(1 Ofs(ysi) , 1 Oh

Xyu3i
OB i=1 ysi) Ont® h£13) o | e

Z 1 0fa(yas) 1 3hz(12) -
6,302 i=1 f2 y21 877?2 1— h(12) 877‘.72 o2

(2

o " 1 8f3(ys 1 antd
) _ S0y | L 2t w|

0Bos o ysi) ong® hz(13) on® Xois
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Z 1 0fa(yai) 1 ahz(l?) -
861/2 f? y2z 87];/2 1 — h(lZ) 8,'7112 Vol

=1 (2

oB) . | 1 Ofs(ys) 1 ond?
_Z(l ) {fs(y?,i) on;” " pit) on;? Yot

aL(B3) _Z”: -1 an™
061, 2Vt 1_h§12) 12 |’

a(B) & 1 onit
= 1— - _ ¢
0013 ;( yui) |:hz(13) 013 |’

where, for @ € {u,0,v} and m = 2,3,

Or™  92C1 (F1(0), Fin(ymi)) OF1(0)
ot OF(0)0Fn(Ymi)  On"

8h§1m) _ 9%Cim (Fl(O),Fm(ymi)) OF (Ymi)
on;”™" OF (Ymi)OF i (ymi) O™

and

ahl(-lm) _ 0%Cim (F1(0), Frn(Ymi)
851m N 8FWWL(Z/?TLz)a(Slm

The non-zero components of the Hessian matrix are

Pup) Z 1 (™Y 1 e
Tﬁulaﬁll = Y14 ( h(12 ) anm 1_ h2(12) anétl angn

i=1

1 fon™N\T 1 o™ ||
+{-a) ()2 \ onl" +h§13) oo | [ T
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where, for w € {u, o, v} and m = 2,3,
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aﬁ?m851m B aFm(ymz)aFm(ymz)aélm 877?1%

forw € {o,v} and m = 2,3,

oM™ 93Cin (F1(0), Fn(Ymi))  OFm(Ymi) OFm (ymi)
on;m o™ OFm (Ymi )0 Fom (Ymi)OFm (ymi) O™ O™
9*Cim (F1(0), Fin(ymi)) 0*Fo(ymi)
OF i (Ymi) O (yYmi) — Ony™om;™™

and for m = 2, 3,

32h§1m) - D3Cra (Fl( )7Fm(ymZ)) OF i (Ymi) OFm (ym:)
on;mon;™ -~ OF, (Ymi)OF (Y ) OF o (Ymi) O™ ;™
?Cim (F1(0), Frn(ymi)) 02 Fo(Ymi)
OF i (Ymi)OFm (yYmi) ~ On;™Om;™

32h§1m) _ 0*Cim (F1(0), Frn(Ymi)
a51771861m N aFm(ymz)a51ma5lm

The parametric distributions, copula functions, and their derivatives are implemented in the

GJRM package.

B.3 Summary of parametric distribution functions
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